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Abstract

The central theorem of the McGucken framework is the simultaneous space-operator generation
theorem:

dx,
dt

=ic=(Mg,D,,|.

The primitive law d X,/ d t =i ¢ generates both the McGucken Space M ; and the McGucken
Operator D,. This simultaneous generation of physical arena and physical operator is the central
structural novelty of the McGucken framework. Standard mathematical physics begins with a space

and then defines operators on it; the McGucken Principle generates the source-space and the source-
operator together. And there are more novel features:

The McGucken Operator D, gives physics and mathematics a source operator: a first-order operator
generated directly from the primitive physical law that the fourth dimension expands at the velocity of
light in a spherical manner, as stated by the McGucken Principle,

dx,
dt

ic.

The advantage is structural: D, places time evolution, imaginary phase, Wick rotation, Lorentzian
signature, wave propagation, quantum generation, gauge covariance, and operator commutators into
one derivational hierarchy.
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The McGucken Operator D, recognizes that the universe is not built first from a passive space and
then supplied with operators. D, captures and formalizes the fact that founding physical reality itself

is already operational, as reflected in the invariant mechanism of change d x,/d t=ic.

The McGucken Operator D, is demonstrated to be unique as the simplest, most complete, and most
powerful operator in the physical realm. D, is demonstrated to be simplest by primitive-law count,

most complete by derivational reach, and unique by possession of the full primitive signature. D,

occupies a unique structural position that standard physical operators do not occupy: all standard
physical operators act within an already-given spacetime, Hilbert space, field theory, bundle, or

operator algebra, while D,, generates the operator hierarchy from the founding physical relation itself.
D,, has this source-power because the principle from which D), arises, d x,/d t =i c, is also the

McGucken Symmetry, the father symmetry of physics, and the source of the McGucken Sphere, the
foundational atom of spacetime ([1], [2]).

The McGucken Operator D, is simplest because it is generated by one primitive physical law and
one first-order directional derivative. D, is most complete because it contains, by projection,
quantization, squaring, factorization, and covariantization, the principal operator structures of

relativistic and quantum physics: time evolution, momentum, Wick rotation, Lorentzian wave
propagation, Schrodinger evolution, Dirac factorization, gauge covariance, and commutator structure.

D,, is unique because no downstream operator in this hierarchy contains the full primitive signature
[x4,t,i,c,®,,dx,/dt=ic,D,,| from which the hierarchy is generated.

The McGucken Operator D, acts at the threshold where the McGucken Principle

dx,

ic.
dt

becomes an operator, a flow, a constraint, a Wick rotation, a Lorentzian wave operator, and a quantum
generator.

The distinctive claim is that D, is not another member of the operator zoo. It is the source operator
from which the Hamiltonian H =i 0,, the momentum operators p p= iho u» the quantum
McGucken constraint M =i hD > Wick-rotation derivative identities, the Lorentzian wave operator
or d’Alembertian 1=V° - ¢~ 8?, the Schrodinger operator i 10, — H, the Dirac operator iy"0,—m
, gauge-covariant derivatives V u= 0 ,TA,, and the induced commutator algebra descend by

projection, quantization, covariantization, factorization, and square-root construction.

The McGucken Operator D, is introduced and formalized as the operator associated with the
McGucken Principle d x,/d t =ic. The central thesis is that D, is not a single isolated expression

but a structured hierarchy of mutually related operators. The primary operator is the McGucken flow
derivative
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Dy,=0,+icd,,

the first-order directional derivative along the geometric flow X, =1 Ct. This operator is tangent to the

McGucken constraint hypersurface X, —I ¢ t =0, annihilates functions constant on that hypersurface,

and acts as the primitive generator from which induced second-order wave operators, quantum
constraint operators, Hamiltonian relations, Wick-rotation identities, and Dirac-type square-root
structures follow.

The paper places this construction within the historical development of operators in mathematics and
physics. Differential operators began as compact encodings of rates and fluxes; the Laplacian became
central to gravitational, electrostatic, diffusion, wave, and Schrodinger-type equations; Fourier
analysis revealed that differential operators could be diagonalized as multiplication operators;
Heaviside operational calculus treated differentiation algebraically; Noether’s theorem linked
continuous transformations to conserved generators; and quantum mechanics elevated operators from
calculational devices to physical observables and dynamical generators. Against this background, the
McGucken operator is the foundational operator: an operator not assigned to a pre-existing equation,
but generated by the physical-geometric postulate of invariant fourth-dimensional advance.

Several results are proved directly. The McGucken flow derivative is shown to be tangent to the
constraint X, —1Ct=0. Its characteristic solutions are functions of X, =i Ct. Projection of the
Euclidean fourth derivative under X, =1 C t yields the Lorentzian wave operator. Quantization of the
first-order McGucken constraint yields a Hamiltonian-momentum relation. The second-order induced
McGucken operator is shown to factor into first-order Dirac-type operators when a Clifford
representation is supplied. The result is an operator hierarchy linking the McGucken Principle to the
principal operator structures of modern theoretical physics.

The McGucken Operator D, is the most foundational operator in the physical operator hierarchy. In

the derivability order on operators, the Hamiltonian, momentum operator, d’ Alembertian, Wick-
rotation derivative, Schrodinger operator, Dirac operator, gauge-covariant derivative, quantum

constraint operator, and commutator algebra all descend from D, by projection, quantization,
squaring, factorization, covariantization, or representation. Conversely, D, cannot be derived from
any one of those standard operators without reintroducing its primitive signature: the distinguished
fourth coordinate X, the universal flow law d x,/d t =i c, the constraint @,,=x, —ict, and the
normalized tangency condition. Thus D, is foundationally prior to the derived operators and

primitively minimal among nontrivial first-order operators encoding fourth-dimensional advance.

The explanation for this power is that the McGucken operator is not an operator acting inside a pre-
given mathematical arena. It is the infinitesimal operator form of the foundational physical symmetry

d x,/dt=ic, described in the McGucken Symmetry paper as the “father symmetry” from which

principal physical symmetries descend, and it differentiates along the same null-spherical propagation
structure that the McGucken Sphere paper identifies as spacetime’s foundational atom ([1], [2]). This

physical-source status explains why D, organizes its mathematical peers: the other operators encode

downstream transformations, while D, encodes the primitive physical transformation itself.
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Comparative Summary: Why D, Is Simplest, Most Complete, and

Unique

The McGucken Operator D, is simplest, most complete, and unique in the following precise

comparative sense.

Criterion

McGucken Operator

Dy=0,+icd,

Standard downstream operators

Founding law

Order

Simplicity

Completeness

Primitive signature

Arena status

Physical source

Uniqueness

Generated by one primitive physical law:
dx,/dt=ic

First-order directional derivative

One primitive law plus one first-order flow
derivative

Generates the operator hierarchy by
projection, quantization, squaring,
factorization, and covariantization

Contains
[x,,t,i,c,®@,,dx,/dt=ic,
Generates or constrains the arena in which
downstream operators act

Operator form of the McGucken Symmetry
and generator of the McGucken Sphere
structure

Normalized first-order tangency to
CDM=X4 —iCt forces
Dy=0,+icd,

Defined only after an arena, equation, field
theory, bundle, or state space is already
supplied

Often first-order or second-order, but
defined inside a prior structure

Multiple prior assumptions: spacetime,
metric, Hilbert space, bundle, connection,
Hamiltonian, or Clifford structure
Captures one sector or role: time evolution,
translation, wave propagation, spinor
propagation, gauge transport, or
measurement

Does not contain the full McGucken
primitive signature

Acts within an already-given arena

Operator expression of a derived symmetry,
field equation, observable, bundle
connection, or representation

Many inequivalent operators can share the
same arena or even the same square

The following table states how the main standard operators are descendants of D ;.

Downstream structure

Standard operator

Required arena normally
assumed first

Derivation from D M

Missing primitive
signature if taken alone

Time evolution

H=iho,

Hilbert space plus time
parameter
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Downstream structure

The McGucken Operator Dy: The Source Operator

Standard operator

Required arena normally
assumed first

Derivation from D M

Missing primitive
signature if taken alone

Translation

Wick structure

Lorentzian wave
propagation

Schrddinger evolution

Dirac propagation

Gauge covariance

Commutator structure

p,=-iho,

vu:au"'A#

[x,,,pv):iha,,v

Coordinates or
configuration manifold

Analytic continuation
already stipulated

Lorentzian spacetime
and metric

Hilbert space plus
Hamiltonian

Lorentzian metric,
Clifford algebra, spinor
bundle

Bundle plus connection

Hilbert representation of
canonical variables

Canonical derivative
structure inside

M=ihD,,
Projection of
x,=ict

Projection of the fourth-
coordinate Laplacian

through X, = ict

Quantum evolution
sector of

M=ihD,,
Clifford square root of

the induced McGucken
wave operator

Covariantization

D, D}, =V +i

Quantized generator
algebra inherited from
McGucken flow

Lacks the fourth-
coordinate flow
constraint

Lacks the source flow
that explains the
substitution

Lacks first-order
McGucken flow data

Lacks the fourth-
coordinate origin of |

and C

Lacks X4:iCtand
(;DM

Lacks the selected

McGucken direction

Lacks the full source
relation

dx,/dt=ic

Therefore D, is not shorter notation. The McGucken Operator is simplest by primitive-law count,

most complete by derivational reach, and unique by possession of the full primitive signature.

Space-Operator Co-Generation Theorem

The McGucken Principle d X,/ d t =i c generates not only the McGucken Operator D, but also the

mathematical arenas in which the descendant operators reside. This is the stronger foundational claim:
the source law generates the arena-operator pair, not an operator placed inside a previously completed
arena.

dx,
dt

=ic=(M,,,D M) = spacetime, metric, Hilbert space, bundles, connections, Clifford structures, and oper:

The McGucken Principle therefore reverses the standard order of construction. Standard mathematical
physics begins with prior assumptions such as spacetime, metric, Hilbert space, bundle, connection,
Hamiltonian, or Clifford structure, and then defines operators inside those arenas. The McGucken

framework begins with the primitive physical law d x,/d t =i c, derives the McGucken Space M ,,,
derives the tangent source operator D,,, and then derives the standard arenas and their operators as
descendants.

Theorem 0.S (space-operator co-generation theorem). The McGucken Principle d x,/dt=ic
generates both the McGucken source-space and the McGucken source-operator:

dx
d—t“:ic=>MM:{<DM:x4—ict=0}andDM=6[+ic6X4.
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Proof. The McGucken Principle integrates to
x,=ict+C.
With the McGucken origin convention C =0, this becomes
x,=ict.
Thus the primitive law defines the constraint
D, =x,~ict=0,

and the constraint defines the McGucken source-space

M, =d,/(0].
The tangent derivative along this source-space is the chain-rule derivative

d . dx .
E(,M:at+d—t46)(4=8t+lcax4.

Therefore
Dy=0,+ic0,,.
The same primitive law therefore generates both M ,, and D,,. o

The co-generation theorem is unprecedented in its structural role. A Hamiltonian presupposes a state
space and time parameter. A Dirac operator presupposes Lorentzian geometry, a Clifford algebra, and
a spinor bundle. A gauge-covariant derivative presupposes a bundle and connection. A Laplacian
presupposes a metric space or manifold. A spectral triple presupposes an algebra, a Hilbert space, and
an operator. The McGucken Operator D, differs categorically because its primitive law supplies both

the operator and the arena in which the operator acts.

McGucken derivation from

Standard prior assumption Standard role d X4/ dt=ic Resulting operator sector
Spacetime Event arena Constraint . DM acts tangentially on
D,=x,~ict=0 M
M
Metric Distance and causal structure 2_ (. 2_ 2 Lorentzian wave operator
dx;=licdt]'=-c’d
Hilbert space Quantum state arena Completion of complex Hamiltonian, momentum,
amplitude solutions over Schrddinger operators
McGucken-derived spacetime
Bundle Field and internal symmetry Fiber structures over the Sections and field operators
arena derived spacetime
Connection Parallel transport and gauge Covariantization Gauge-covariant derivative
covariance A _ .
D,»Dy,,=V +icV,
Hamiltonian Time-evolution generator Time-sector projection of 7T
. pro H=iho,

ihD,,
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McGucken derivation from

Standard prior assumption Standard role d X4/ dit=ic Resulting operator sector
Clifford structure Spinor and square-root arena Factorization of the McGucken-  Dirac-type operators
induced Lorentzian wave
operator
Operator algebra Algebra of observables and Quantized descendants and Canonical and gauge
transformations commutators of the source flow  commutator structures

The McGucken Operator D, is therefore not only a source operator. D, is the operator member of a
source space-operator pair. The correct foundational sequence is

dx,
dt

=ic=(M,,Dy|=(M,,,g,H,E -~ M,V,CIIM|,A}.

The uniqueness of this result is the uniqueness of simultaneous arena generation and operator
generation. Standard operators inherit their arenas. The McGucken Operator D, is generated with its
arena by the same primitive physical law.

Definitions of Operator Status

This paper uses the terms ordinary operator and source operator in the following precise sense.
These are definitions internal to the present paper.

Let S be a mathematical arena used in physics: a manifold, Hilbert space, vector bundle, field space,
configuration space, phase space, algebra, or space of sections. Let Op (S ) denote the class of

operators whose domain, codomain, and interpretation presuppose S.
Definition 0.1 (ordinary operator). An operator O is ordinary relative to S if
O€EOoplS)
and S is not derived from O:
S¢& Der|O].
Thus an ordinary operator acts within an arena that has already been supplied.

Examples are the Hamiltonian on a Hilbert space, the Laplacian on a Euclidean or Riemannian space,
the d’ Alembertian on Lorentzian spacetime, the Dirac operator on a spinor bundle, and a gauge-
covariant derivative on a gauge bundle.

Definition 0.2 (source operator). An operator O is a source operator for a class of structures C if the
members of C are generated from O by admissible operations:

C C Der,,|O].

Here Der » (O) denotes the closure of O under projection, restriction, quantization, squaring,
factorization, commutation, covariantization, Fourier representation, spectral representation, and
domain completion.
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Equivalently, a source operator does not act merely inside a finished arena. It encodes the primitive
relation from which downstream operators and their arenas are generated.

Definition 0.3 (foundational source operator). A source operator O is foundational if its primitive
signature is not recoverable from its downstream descendants without reintroducing that signature as
extra structure.

For the McGucken framework, the primitive signature is
Sig|Dyy|={x,,t,i,c,®,=x,~ict,dx,/dt=ic,D,=0,+icd, |.
Theorem 0.4. The McGucken operator
Dy=0,+icd,
is the foundational source operator of the McGucken operator hierarchy.
Proof. D, is obtained directly from the primitive physical relation

dx,

=ic.
dt

Its flow preserves the constraint @,, =X, —1Ct. Projection of its associated fourth-coordinate
structure yields Wick-rotation identities and Lorentzian signature. Quantization gives M =ih D M

Squaring and projection yield the Lorentzian wave operator. Clifford factorization yields Dirac-type
operators. Covariantization yields gauge-covariant McGucken derivatives. These descendants belong

to Der,,,

D M). Conversely, the downstream operators do not recover the full primitive signature

Sig (DM) without adding X,, d x,/dt=ic, ®,,, and D,, as extra structure. Therefore D, is the

foundational source operator. ©

1. Introduction

The McGucken Principle is the postulate

dx, .
=ic,
dt
or, after integration with x,(0|=0,
x,=ict.

It asserts that the fourth coordinate advances at invariant rate ¢, with the factor i encoding the
geometric distinction between the fourth coordinate and ordinary spatial extension.

The immediate question is whether this principle possesses a natural operator. In modern
mathematical physics, a physical principle is accompanied by an operator that implements its action:
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time evolution is implemented by the Hamiltonian, spatial translations by momentum operators,
rotations by angular-momentum generators, wave propagation by the d’ Alembertian, diffusion and
harmonic equilibrium by Laplace-type operators, and relativistic spinorial propagation by Dirac-type
operators. The McGucken Principle therefore has an operator that implements the invariant fourth-
dimensional advance it asserts.

The answer is that the McGucken operator, in its primitive form, is the directional derivative along the
flow generated by (1):

d . dx
DM::E(,M:6[+ dt

4 _ .
9, =0,+icd, .

This is the canonical first-order McGucken operator. It is the material derivative along the McGucken

flow.

However, a single expression does not exhaust the operator content of the principle. The full
McGucken-operator hierarchy contains at least six related objects:

Level Name Expression Role
0 Constraint function d =x,—ict Defines the McGucken
M 4 hypersurface
1 Flow derivative D.=0+ico Generates motion along
M t Xy N
X,=Ict
2 Normal/characteristic partner 6 —A —i Generates the conjugate
DM af 1c ax characteristic
3 Quantum McGucken operator AF— s Quantum generator/constraint
M=ihD,, form
4 Induced wave operator Y72 _ 7272 Lorentzian second-order
I:|M - v c at projection
5 Dirac-McGucken operator s H _ Clifford square root of the
D m—1ry au m induced wave operator

The purpose of this paper is to make this hierarchy precise. The paper also provides a historical
account of why operators became the natural language of physics, so that the McGucken operator can
be understood not as an ad hoc notation but as the expected operator-theoretic expression of a
foundational law.

1.1 Formal Advantages of the McGucken Operator

The McGucken Operator D, gives mathematics and physics a source operator. D, is a first-order
operator generated directly from one primitive physical law:

d
dxt4:ic.

The advantage is structural: D, places time evolution, imaginary phase, Wick rotation, Lorentzian

signature, wave propagation, quantum generation, gauge covariance, and operator commutators into
one derivational hierarchy.
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The McGucken Operator D, therefore changes the status of operator theory in physics. Standard

operators usually answer the question: given a space, equation, field, Hilbert space, bundle, or algebra,

what operator acts on it? D, answers a prior question: what primitive operator is generated by the

physical relation from which the later spaces, equations, bundles, and algebras descend?

Advantage Formal content Mathematical consequence Physical consequence
Simplicit; — i One primitive law plus one The operator foundation is
p y DM—a["'lcaX from P . . P . . .4p
4 first-order directional derivative ~ minimal
dx,/dt=ic
Completeness D Multiple operator families are Relativity, quantum mechanics,
M generates Qesc‘endants by unified in one hierarchy Wick rotation, and gauge
projection, quantization, covariance are organized
squari_ng, 'faqorization, together
covariantization, and
commutation
Physical grounding Operator theory begins from The founding physical relation

Primitive signature

Derivational depth

Wick unification

Lorentzian emergence

Quantum generation

D M is the operator form of
fourth-coordinate advance

[x,,t,i,c,@,,,dx,/c

D,>H,p,0,58,D,"

X4:iCtand

3, =-lilc)a,

A,=V?+0, >V~

M=ihD,,

physical law, not only from an
abstract arena

Downstream operators can be
compared by signature loss

Operators are ranked by
foundational depth

Imaginary time is a derivative
identity

Euclidean fourth-coordinate
structure projects to Lorentzian
wave structure

The McGucken flow becomes a
quantum generator

is already operational

The full origin of {, C, fourth-
coordinate flow, and time is
retained

Standard operators become
descendants rather than
unrelated primitives

Wick rotation is geometrically
sourced by the fourth-
coordinate law

The d’Alembertian descends
from X, =1 C

Hamiltonian and momentum
structures enter as sectors of a
single source constraint

Theorem 1.1 (source-operator advantage). The McGucken Operator D, is a source operator for the

principal operator hierarchy generated by the McGucken Principle.

Proof. The McGucken Principle supplies the primitive relation d x,/d t =i c. The associated flow

derivative is

d

d
DM:EZ,MZGﬁ%axA:atHcaXA.

Projection of X,=iCt gives Wick derivative identities. Substitution into the four-coordinate

Laplacian gives the Lorentzian wave operator. Multiplication by i A gives the quantum McGucken

operator M=ihD - Clifford factorization of the induced second-order operator gives Dirac-type

. o . o . A .
operators. Replacement of partial derivatives by covariant derivatives gives D), =V +ic VXA.

Commutators of covariant descendants give curvature and gauge-field structures. Therefore the stated

operators lie in the derivational closure of D,,, and D,, is a source operator for the hierarchy. =
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Corollary 1.2 (operator unification). The McGucken Operator D, unifies time evolution,

momentum, Wick rotation, Lorentzian wave propagation, Schrodinger evolution, Dirac factorization,
gauge covariance, and commutator structure within one derivational hierarchy.

Proof. Each listed structure is obtained from D, by one of the admissible operations displayed in

Theorem 1.1. The unification is therefore not verbal but operational: the structures share a common

source operator. o

1.2 Formal Comparison with Existing Operator Structures

The McGucken Operator D, has partial historical analogues, but no standard operator has the same

full role. The closest analogues are Dirac operators, Wick rotation, gauge-covariant derivatives,
spectral triples, and quantum-gravity constraints. Each shares one aspect of the McGucken

construction; none contains the full primitive signature [x Lti,c,®@,,,dx,/dt=ic,D,, }.

Existing structure

Established role

Similarity to D

Difference from [ M

Dirac operator

Wick rotation

Gauge-covariant derivative

Spectral triple

Wheeler-DeWitt constraint

A first-order differential
operator that formally square-
roots a second-order operator
such as a Laplacian ([3])

A transformation substituting
imaginary time for real time,
relating Minkowski and
Euclidean formulations ([4])

A derivative modified by a
gauge potential/connection to
transform covariantly ([S])

Atriple A, H , D
consisting of an algebra, Hilbert
space, and self-adjoint operator
encoding geometry ([6])

A quantum-gravity equation
expressing a Hamiltonian
constraint on wave functionals
of spatial geometry ([7])

First-order structure; square-
root relation

Connects ], time, Euclidean

form, and Lorentzian form

Covariant differentiation and
commutator curvature

Geometry can be encoded by an
operator

Constraint operator with
foundational ambition

The Dirac operator presupposes
Lorentzian/Clifford structure,

while DM generates the

induced wave structure before
Clifford factorization

Wick rotation is normally a

transformation; D M makes

X,= I Ct the source relation
Gauge covariance presupposes
a bundle and connection; D M
supplies the source direction

L A
later covariantized as [) M

Spectral triples begin with A,

H , and D; the McGucken
hierarchy derives the route
toward such arenas
Wheeler-DeWitt acts inside
canonical quantum gravity;
D M is generated before the

canonical configuration-space
machinery

Theorem 1.3 (no exact standard predecessor). No standard operator listed in Table 1.2 is identical
in structural role to D,,.

Proof. The Dirac operator contains first-order factorization but does not contain X, =iCt as its
primitive source. Wick rotation contains the imaginary-time substitution but is not itself the first-order
flow derivative D, = at+i c ax4. A gauge-covariant derivative contains connection-covariant

transport but presupposes a bundle and connection. A spectral triple contains an operator that helps
encode geometry but presupposes an algebra and Hilbert space. The Wheeler-DeWitt operator is a
quantum-gravity constraint on wave functionals of spatial geometry but does not encode the primitive
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signature {X4 ,t,i,¢,®y,dx,/dt=ic,D, } . Therefore each analogue captures a proper part of

the McGucken operator role, and no listed standard operator is identical in structural role to D ;. o

Corollary 1.4 (partial-precedent theorem). The McGucken Operator D, is historically intelligible

because it resonates with known operator roles, but it is structurally distinct because it unifies those
roles at the primitive-law level.

Proof. Theorem 1.3 establishes distinction. The table establishes overlap with recognized operator
functions: first-order factorization, Wick transformation, covariant transport, geometric encoding, and

quantum constraint. D, is therefore not isolated from the history of operators, but it is not reducible

to any one prior operator. ©

1.3 What the McGucken Operator Adds to Mathematics and Physics

The McGucken Operator D, adds a new classification principle to mathematics and physics:

operators are classified not only by domain, order, spectrum, self-adjointness, ellipticity,
hyperbolicity, covariance, or representation, but also by derivational depth. An operator is deeper
when more of the physical-mathematical hierarchy descends from it with fewer primitive assumptions.

Addition

Mathematical form

Added mathematical content

Added physical content

Source-operator principle

Primitive signature analysis

Operator-generated spaces

Derivational hierarchy

Wick as geometry

Lorentzian signature from
fourth coordinate

Quantum-generator bridge

CgDerop(DM)
Sig|Dy|={x,,t,i,c,
D,~S

D,-M -0, - D,
x,=ict

6i4l—>—c_2(')f

M=ihD,,

A derivational closure ordering
on operators

Operators can be compared by
retained or lost primitive data

Spaces can be treated as
descendants of operator
constraints

Projection, quantization,
squaring, factorization,
covariantization become formal
descent maps

Imaginary time follows from a
coordinate-flow identity

Sign structure follows from
2
ir=-1

The source flow has a quantum
operator form

Standard physical operators
become descendants of a source
law

The origin of [, C, time, and

fourth-coordinate flow remains
explicit

Hilbert, field, bundle, and
spacetime arenas are
downstream

Relativity, quantum theory, and
gauge theory are organized as
levels

Analytic continuation receives a
physical-geometric source
Lorentzian propagation
descends from fourth-
coordinate advance
Hamiltonian and momentum
structures enter as sectors of
one constraint

Definition 1.5 (derivational depth). Let O, and O, be operators. The operator O, is derivationally

deeper than O,, written

if O, € Der,,

structure.

0,>0,,
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Theorem 1.6 (derivational-depth theorem). The McGucken Operator D, is derivationally deeper
than the Hamiltonian time-evolution operator, momentum operator, Wick-rotation derivative,
Lorentzian wave operator, Schrodinger operator, Dirac operator, gauge-covariant derivative, and
induced commutator algebra.

Proof. The Hamiltonian time-evolution operator is obtained from the t-sector of i i D ;. The
momentum operator is obtained by canonical quantization of derivative generators. Wick-rotation
derivative identities are obtained from X, =1 t. The Lorentzian wave operator is obtained by
projecting 5i4 into —c* 6?. The Schrodinger operator is obtained from the quantum time-evolution
sector. The Dirac operator is obtained by Clifford factorization of the induced second-order wave
operator. The gauge-covariant derivative is obtained by covariantizing D,,. The commutator algebra
is obtained from quantized and covariantized descendants. Conversely, no one of these downstream
structures contains the full primitive signature Sig ( D M) without adding X, d x,/dt=ic,

@, =x,~ict,and D, itself. Therefore D, > O for each listed downstream operator O. ©

1.4 Uses in Mathematics and Physics

The McGucken Operator D), can be used as a derivational engine, a classification tool, a constraint

operator, and a bridge between geometric and quantum descriptions.

Use McGucken form Mathematical use Physical use

Operator derivation =0.+i Generate descendant operators Organize physical laws by
DM at ¢ axa systematically source relation

Constraint analysis DM (‘DM =0 Study invariant hypersurfaces Preserve X , = ictal ong

and characteristic solutions )
physical flow

Spectral analysis D —ilwt+ik,x, _ ( _ » . Relate frequency to fourth- Interpret energy-frequency
M€ -\ lw coordinate wave number relations through fourth-
coordinate structure
Wave-equation construction A = Derive Lorentzian operators Recover relativistic propagation
4 M from fourth-coordinate
projection
Quantum constraint M =i h D Build Hilbert-space Relate Hamiltonian and fourth-
- M representations of McGucken momentum sectors
flow
Dirac factorization 2 Construct Clifford square roots Connect spinorial propagation
D M~ I:|M to source geometry
Gauge extension DA _ v +ic v Study covariant McGucken Tie gauge transport to fourth-
M— Vit X, flows on bundles coordinate advance
Curvature/commutators DA DA Generate field-strength-like Interpret interactions as
M>*~'N objects curvature of covariantized
source flow
Space derivation DM ~H , F , B , A Treat Hilbert spaces, field Replace passive arenas with

spaces, bundles, and algebras as  generated arenas
downstream completions

Compare with Hamiltonian- Address time and geometry
constraint frameworks before canonical quantization

Quantum gravity comparison DM as primitive constraint

Theorem 1.7 (mathematical-use theorem). The McGucken Operator D, supplies a formal program
for constructing operator-generated spaces.
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Proof. The equation D,, ¥ =0 defines a solution space. Completion of that solution space under an
inner product gives a Hilbert-type arena when the relevant positivity and domain conditions are
imposed. Covariantization of D), defines sections and parallel transport over a bundle-like arena.
Spectral analysis of D, defines frequency and fourth-wave-number decompositions. Commutators of
covariantized descendants define curvature-type operators. Therefore D, supplies formal routes from

a source operator to solution spaces, Hilbert completions, bundles, spectral decompositions, and
operator algebras. ©

Theorem 1.8 (physics-use theorem). The McGucken Operator D, supplies a formal program for

deriving relativistic, quantum, Wick-rotated, gauge-covariant, and commutator structures from one
primitive physical relation.

Proof. Relativistic structure follows because X, =1 Ct maps the fourth-coordinate derivative into a
Lorentzian time derivative. Quantum structure follows because i it D, is the quantized generator of
the McGucken flow. Wick-rotated structure follows because X,/C=it. Gauge-covariant structure

follows by replacing partial derivatives in D, with covariant derivatives. Commutator structure
follows from quantized and covariantized descendants. Therefore these physical structures are
obtained from the single primitive relation d x,/d t =i ¢ through D,,. o

1.5 Deeper Structure of the Universe and Mathematics

The McGucken Operator D, implies that physical reality is not built from a passive background

space later acted upon by operators. D, says that the founding physical relation is already
operational. The operator is not added to the arena; the arena is generated, constrained, and organized
by the operator.

The McGucken Symmetry paper states that d X,/d t =i ¢ functions as the father symmetry from
which Lorentz, Poincaré, Noether, gauge, quantum-unitary, CPT, diffeomorphism, and duality
structures descend ([1]). The McGucken Sphere paper states that the same principle generates the
McGucken Sphere as the foundational atom of spacetime and relates X, =i Ct to Wick rotation, path
integrals, Schrodinger evolution, twistors, amplituhedra, and Feynman structures ([2]). D, is the
infinitesimal operator form of that same source structure.

Deeper implication McGucken statement Meaning

Physical space is generated or constrained
by a primitive operation

Space is not passive
b p D M precedes downstream arenas

Time is operational Time is inseparable from fourth-coordinate

DM contains at andi C 6X4 together

advance

The imaginary unit is geometric X, = ict The ] in quantum theory and Wick rotation
reflects perpendicular fourth-coordinate
structure

Lorentzian signature is sourced 2 The minus sign of spacetime interval

. . 22 -2
12_——11naXH—C a[
4

Quantum mechanics is downstream M =i h D Quantum generators arise from the source
- M flow

descends from fourth-coordinate geometry

Page 16 of 59



The McGucken Operator Dy: The Source Operator

Deeper implication McGucken statement Meaning

Gauge structure is covariantized source DA _ v tic v Gauge transport is a higher-level version of

flow M— Yt Xy primitive transport

Operator algebras are descendants Commutators arise after Noncommutativity belongs to the derived
quantization/covariantization hierarchy

Mathematics has depth DM > O for downstream o) Mathematical structures can be ranked by

derivational priority

Theorem 1.9 (operational-universe theorem). In the McGucken framework, the founding physical
relation is operational before it is spatial, Hilbertian, gauge-theoretic, or algebraic.

Proof. The founding relation d X,/ d t =i ¢ immediately determines the first-order flow derivative

D,=0,+ic axA- Spacetime signature follows only after substituting X, =1 Ct into the four-coordinate

quadratic form or the fourth-coordinate derivative structure. Hilbert-space quantum mechanics follows
only after forming quantum operators and completing solution spaces. Gauge theory follows only after
covariantizing derivatives over bundles. Operator algebras follow only after quantization,

representation, or commutator formation. Therefore the primitive operational structure D, precedes

the later spatial, Hilbertian, gauge-theoretic, and algebraic structures. o

Theorem 1.10 (deeper-mathematics theorem). The McGucken Operator D, defines a

mathematical depth ordering in which primitive source operators stand above ordinary operators that
act within already-given arenas.

Proof. Definition 1.5 defines O, > O, when O, descends from O, but O, cannot be recovered from
O, without reintroducing the primitive signature of O,. Theorem 1.6 proves that D, has this relation
to the principal downstream operators. D, therefore supplies a nontrivial depth ordering on

mathematical operators used in physics. =

Central Theme: What Is Special, Powerful, and Unique

The central theme of this paper is that the McGucken operator is special, powerful, and unique
because it occupies a structural position that standard physical operators do not occupy. All standard
physical operators act within an already-given spacetime, Hilbert space, field theory, bundle, or
operator algebra. D, acts at the threshold where the fourth-coordinate postulate

dx,

ic
dt

becomes an operator, a flow, a constraint, a Wick rotation, a Lorentzian wave operator, and a quantum
generator.

The concise statement is:

Dy=0,+icd,
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is special because it is the derivative along X, =1 Ct; powerful because it generates Lorentzian,

quantum, Wick-rotated, and Dirac-type structures; and unique because it is the only normalized first-

order operator tangent to the constraint hypersurface x, —1ct=0.

Thematic summary table

Theme Formal expression Meaning Why it matters
Special D.®.,. =0 wi The operator is tangent to the It is not an arbitrary differential
M =M » with McGucken constraint expression; it is geometrically
()] u=X4— ict selected by the principle
Powerful 172 =2 A2 The operator hierarchy converts It explains how relativistic
= = — . . . .
A4 I:|M v c at Euclidean fourth-coordinate propagation arises from
structure into Lorentzian wave X, =ict
structure 4
Unique L=a a +b a wihg=1 L=D The operator is forced by
t Xy ’ M tangency and normalization
Ld,=0=b=ica
Quantum The operator becomes a It connects the McGucken

Wick-theoretic

Dirac-compatible

Noether-compatible

Why it is special

M=ihD,=H-ic}
x,/c=it
Dy=iy"0,-m

|6, x, = [t+s, x,+ics

Hamiltonian-fourth-momentum
constraint

Wick rotation follows from the
fourth-coordinate relation

Clifford square root of the

induced wave operator

D M is an infinitesimal
symmetry generator

Principle to quantum generator
language

Imaginary time is not appended
externally; it is built into the
flow

Spinorial relativistic structure
attaches naturally to the induced

y

It admits a conservation-law
interpretation when the action is
invariant

The McGucken operator is special because it is not an operator imposed on a field. It is the operator
form of a physical-geometric postulate. Given

the defining identity

D,=x,-ict,

D, ®,=0

states that D, preserves the McGucken constraint. This is stronger than saying that D, differentiates

a function. It says that the operator is adapted to the geometric law itself.

In standard physical operator theory, the Hamiltonian acts after time has been introduced. The
d’Alembertian acts after Lorentzian spacetime has been introduced. The Dirac operator acts after a

Lorentzian Clifford structure has been introduced. By contrast, the McGucken Operator D, is

positioned before these structures in the logical order. D, is the operator that converts the fourth-

coordinate advance X, =1 Ct into the downstream structures of Lorentzian physics.
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Why it is powerful

The power of the McGucken operator lies in its theorem-yield. A single first-order flow derivative
produces a chain of structures:

Starting point Operator step Result

McGucken Principle —7 Fourth-coordinate flow
dx,/dt=ic

Flow derivative DM = at +ic ax Generator of X , = ict

4

Constraint preservation 3 — Tangency to the McGucken hypersurface
D,x,~ict|=0

Characteristic equation DM w=0 Y=F (X4 -ict, X)

Fourth derivative — 3 Imaginary-time derivative relation
9, =-lilclo,

Euclidean Laplacian _ 172 2 _g2_ "22Ax2
A,=V"+0,, 0,=V°-c “0,

Quantum generator ihD M _ H\- —ic f)

M - 4

Wick identification — —
1=x,/c T=it

Clifford extension Y u a Dirac-McGucken square root

u

Gauge extension i Gauge-covariant McGucken derivative

V+icV,

This is the sense in which the operator is powerful: it is a compact generator of an unusually large
structure. It is not powerful because it is complicated. It is powerful because it is simple and
generative.

Why it is unique

The uniqueness is formal. Suppose a first-order operator in the (t » X 4)—plane is written
L=ad+bo,,.

Requiring tangency to the McGucken constraint means
L|x,~ict|=0.

Since

at(x4—ict)=—ic,ax4 x4—ict):1,
one obtains

—-ica+b=0,
SO

b=ica.

With the natural normalization a =1, this gives
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L=0,+icd, =D,

Thus the McGucken operator is not one choice among many. Under the assumptions of first-order
linearity, tangency to X, —1Ct=0, and unit t-advance normalization, it is forced.

Operator-depth comparison

Acts after what structure is Why the McGucken operator is

Operator assumed? What it generates deeper in the hierarchy

~ K - - - -

Momentum P = — | hvVv Spatial coordinates Spatial translations DM includes fourth-
coordinate translation tied to
time

Hamiltonian [ =1 h at Time parameter Time evolution D M generates the relation
from which time obtains its
imaginary fourth-coordinate
structure

Laplacian / Euclidean spatial geometry Harmonic and diffusion DM explains how the fourth

structures . .
Euclidean derivative becomes
Lorentzian time

&’ Alembertian [] Lorentzian spacetime Relativistic waves DM is induced from
X,=1C t rather than
assumed

Schrédinger/gperator Quantum wave mechanics Unitary wave evolution The  in time evolution is

1 h at -H geometrically sourced by
X,=1cC t

Dirac operator | yu a -m Lorentzian Clifford algebra Spmorlatl_ relativistic The Dirac-McGucken operator

H propagation square-roots the induced [] M

Noether generator A continuous symmetry of an Conserved quantity

i D lies the infinitesimal
action M Supplies the mimitesimal

symmetry of fourth-
dimensional advance

The distinctive claim is that D, is not another member of the operator zoo. It is the source operator
from which several standard operators descend as projections, quantizations, covariantizations,
factorizations, or square roots.

Status Convention for Results

The paper distinguishes several kinds of statements:

Label Meaning

Definition A stipulated mathematical object used in the formalism.
Proposition A directly proved result of limited scope.

Theorem A directly proved structural result.

Corollary An immediate consequence of a proposition or theorem.

Principle A formal extension requiring additional analytic, spectral, physical,

or experimental development.

This convention is essential because the McGucken operator can be defined and analyzed rigorously
at the level of differential geometry and operator algebra, while broader claims about complete
physics, self-adjoint domains, spectral actions, holography, thermodynamics, and gauge unification
require further formal work.
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2. Historical Background: Operators in Mathematics and Physics

2.1 Differential operators as compressed laws

The oldest operator concept in mathematical physics is the differential operator. A derivative is an
operation that maps one function to another, extracting rate, slope, flux, curvature, acceleration, or
local change. Newtonian mechanics, wave mechanics, heat theory, celestial mechanics,
electrodynamics, general relativity, and quantum theory all depend on operators because local
physical law is expressed as a rule for transforming fields into other fields.

The Laplace operator is a paradigmatic case. It is defined as the divergence of the gradient of a scalar
function, and its physical role extends through gravitational potentials, electrostatics, diffusion, wave
equations, and Schrodinger-type equations ([8]). The Laplacian measures local deviation from
spherical averaging, which makes it especially relevant to theories in which spherical propagation,
harmonic equilibrium, and isotropic local geometry are fundamental ([8]).

The d’Alembert operator, also called the wave operator or box operator, is the Lorentzian analogue of
the Laplacian used in special relativity, electromagnetism, and wave theory ([9]). It is the operator
naturally associated with relativistic propagation:

O=-Lo+v?
C

in one common sign convention.

This historical movement identifies the structural place of the McGucken operator. Since the
Laplacian encodes isotropic spatial curvature and the d’Alembertian encodes Lorentzian wave
propagation, the principle that turns a Euclidean fourth-coordinate derivative into Lorentzian time has
a first-order operator whose projection produces the d’Alembertian.

2.2 Fourier analysis and diagonalization of differential operators

Fourier analysis revealed a profound fact: differentiation becomes multiplication in frequency space.
Modern expositions of Fourier methods emphasize that the Fourier transform converts differential
operators into multiplication operators, which explains why Fourier methods are so powerful in the
study of partial differential equations ([10], [11]).

For example, if
f (X ) — eikX ,
then

o,f=ikf, o f=-Kf.

Thus O, has eigenvalue i k on a plane wave, and — ai has eigenvalue k. In operator language, waves

are eigenfunctions of translation generators.
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This matters for the McGucken operator because D, is also diagonal on exponential modes. For
(17} (t , x4):efiwt+ik4)<4’
one obtains
D, P=(-iw+icik,|P=-io-ck,?.
The McGucken constraint D), ¥ =0 therefore imposes the spectral relation
w=ick,.

The operator is not a differential expression alone; it is a spectral constraint relating temporal
frequency to fourth-coordinate wave number.

2.3 Heaviside and operational calculus

Oliver Heaviside’s operational calculus treated differential operations algebraically in order to solve
physical differential equations, especially in electrical and telegraphy problems; historical accounts
describe this as a late nineteenth-century formal calculus of differential operators developed for
physical problem-solving ([12], [13]). The point was revolutionary: operators were manipulated like
algebraic quantities, long before all such manipulations had rigorous functional-analytic justification.

The McGucken operator belongs to this same broad tradition, but with a different foundational aim.
Heaviside used operators to solve equations already accepted from electrodynamics. D, is the

operator generated by the foundational relation d x,/d t =i c itself.

2.4 Hamiltonian mechanics and generators

Hamiltonian mechanics showed that physical evolution can be generated by a function H on phase
space. In quantum mechanics, the Hamiltonian becomes an operator corresponding to total energy and
generating time evolution of quantum states ([14]). The time-dependent Schrédinger equation
expresses precisely this generator role:

iho,y=Hy.

This historical fact is essential. The Hamiltonian is not only an energy observable; it is the generator
of time evolution. A McGucken operator must therefore be interpreted similarly: it is the generator of

fourth-dimensional advance. If H generates ordinary time evolution, D, generates the combined

t, X, motion specified by X,=icCt.

2.5 Noether: symmetries and generators

Noether’s theorem, published in 1918, states that continuous symmetries of the action correspond to
conservation laws ([15]). Modern presentations stress that time-translation symmetry corresponds to
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energy conservation, spatial-translation symmetry corresponds to momentum conservation, and
rotational symmetry corresponds to angular-momentum conservation ([16]).

In operator terms, a continuous transformation is implemented by a generator. The derivative along
the transformation is the infinitesimal form of the symmetry action. Consequently, the McGucken
Principle defines a universal continuous flow in the fourth coordinate, and the McGucken operator is
the infinitesimal generator of that flow.

2.6 Quantum mechanics and the elevation of operators

Between 1925 and 1930, operators moved from useful mathematical tools to the central language of
physical observables. Heisenberg’s matrix mechanics represented observable quantities through
noncommuting arrays; Born recognized the matrix structure; Schrodinger developed wave mechanics
through differential equations; Dirac related commutators to Poisson brackets; and von Neumann gave
quantum mechanics a Hilbert-space formulation using linear operators ([17]). The Hamiltonian,
momentum, position, angular momentum, spin, and projection operators became the operational
content of the theory.

In standard canonical quantization, classical position and momentum variables are promoted to
operators obeying the canonical commutation relation

X ,P|=ih,

which encodes the quantum analogue of the classical Poisson bracket structure ([18]). This is relevant
because the McGucken operator, when quantized, becomes an operator constraint relating the

Hamiltonian H to fourth-coordinate momentum Da.

2.7 Dirac and square roots of second-order operators

The Dirac operator is historically important because it gives a first-order square root of a second-order
relativistic operator. The Dirac operator is commonly described as a first-order differential operator
that formally square-roots a Laplacian-type or wave-type operator ([3]). Dirac’s 1928 relativistic wave
equation incorporated quantum mechanics and special relativity while naturally accounting for spin
and implying antimatter ([19], [20]).

The McGucken operator has the same structural ambition at a deeper level. D, is first-order. Its

projected second-order descendant is the Lorentzian wave operator. Supplying a Clifford
representation then gives the Dirac-McGucken operator as the spinorial square root of that induced
wave operator.

3. Preliminaries and Notation
Let E, denote a four-coordinate Euclidean arena with coordinates
(xl,xz,x3,x4 .

Let
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X=(X1,X,, %), V=

0,,0,,0,]

Let t be the external parameter with respect to which fourth-coordinate advance is measured.

The McGucken Principle is

dx, .
=IcC.
dt
When x 4(0)20, its integral form is
x,=ict.

Define the McGucken constraint function
D, [t,x,):=x,~ict.
The McGucken hypersurface is
Cu:=[[t,x,]: D [t,x,)=0].
Equivalently,
Cyu=l[t,x,]:x,=lict}].

The sign convention used throughout this paper is:

D,=x,—Ict.
With this convention, the tangent flow derivative is

Dy=0,+ic0, .
The conjugate characteristic partner is

Dy,=0,~icd, .

The superscript {, here denotes the conjugate characteristic partner, not necessarily a Hilbert-space
adjoint unless an inner product and domain have been specified.

4. Definition of the McGucken Operator

4.1 The primary definition

Definition 4.1 (McGucken flow derivative). The primary McGucken operator is the first-order
differential operator
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DM:Z%&MZ@HCOXQ.

It acts on sufficiently differentiable functions

‘I’:‘I’(t,xl,xz,x3,x4)

D,¥=0,¥+icd, ¥.

The notation — &,, means “differentiate along the McGucken flow.” Since d x,/d t =i c, the chain

dt

rule gives

d¥Y _o¥ dx, 0¥
dt ot dt 0x,

=0,¥+icd, V.

Thus D, is not chosen arbitrarily. It is forced by the chain rule applied to the McGucken Principle.

4.2 Constraint and flow
Definition 4.2 (McGucken constraint). The McGucken constraint is
D,=x,—ict=0.

The constraint function @, and the flow derivative D, are dual aspects of the same structure. The

constraint defines the hypersurface. The operator D, differentiates along that hypersurface.

5. First Formal Properties

5.1 Tangency

Theorem 5.1 (Tangency of the McGucken operator). The operator D, is tangent to the McGucken

constraint hypersurface C,,. Equivalently,
D, ®,,=0.
Proof. By definition,
D,=x,~ict.
Therefore
0,D,=- iC:axA(Dle-

Applying Dy =0,+ic0,,
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D, ®,=0,®,+icd, ®,=[-icl+ic(1]=0.
Thus D, is tangent to the level sets of @, and in particular to C,,. o
5.2 Characteristic functions
Theorem 5.2 (Characteristic invariants). Let I be differentiable. Then
P(t,x,|=F|x,~ict|

satisfies

D, ¥Y=0.
Proof. Let Uu=Xx,—ict. Then

Y=F|ul.
The chain rule gives

0,W=F"lull-ic|,0, ¥=F"'[ul.
Hence
D, P=0¥+icd, ¥=-icF'lul+icF'lu)=0.

Therefore every differentiable function of X, —iCt is annihilated by D,,. o
Corollary 5.3. The general local solution of

D, ¥Y=0
is

Y=F|x,—ict,x|,
where F is arbitrary in its arguments, assuming no additional equations in the spatial variables.
5.3 Sign convention
The conjugate operator
Dj,=0,~ic0,

annihilates functions of X, +iCt:

D}, G|x,+ict]=0.
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Thus the sign is not a matter of substance but of characteristic orientation. Once the McGucken

constraint is fixed as @,; =X, — i Ct, the tangent derivative is D,,=0,+ic aXA.
This point is important. The alternate the alternate first-order expression

0,~ico,,

but with the convention X, =1 Ct, that operator corresponds to the conjugate characteristic rather than

the tangent derivative to @,,=0.

6. The McGucken Operator as a Generator
6.1 Flow interpretation

Let s parameterize the integral curves of D ;. The flow equations are

dt dx, .

— =1 =jic.

ds ~ds ‘e
Therefore

dx, dx,/ds .

dt _ dtlds <

Thus D,, generates precisely the McGucken Principle.

Theorem 6.1 (Generator theorem). The McGucken Principle d X,/d t =i ¢ and the McGucken flow
operator D\, =0,+ic ax4 are equivalent in the sense that the integral curves of D, satisfy the

McGucken Principle, and the chain-rule derivative along any curve satisfying the McGucken Principle
is D,,.

Proof. If D, is taken as the vector field
D,=1,ic|

in the (t , X 4)-p1ane, then its integral curves satisfy (24), hence (25). Conversely, if a curve satisfies

d x,/dt=ic, then the total derivative of any differentiable ¥ (t , X 4) along the curve is

d—q’:atwd"
dt

dt“axA‘P:a[‘PHcaxA‘P:DM‘P.

Thus the flow law and the operator are equivalent. ©
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6.2 Exponential flow
The finite flow generated by D, is
e P W (t,x, =W (t+s,x,+iCs).
Proof. Define
W [t,x,)=P[t+s,x,+ics).
Then

%‘I’szat‘I’(t+s,x4+ics)+icax4‘1’(t+s,x4+ics)=DM‘PS.

With initial condition ¥, =, this is the flow equation generated by D,,.

Equation (26) is the operator-theoretic form of X, X, +iCt. It shows that D, is an infinitesimal

translation operator in the complex fourth-coordinate direction.

7. The Quantum McGucken Operator

7.1 Quantized form

Define the standard formal operators

H=iho, p,=-iho,.

Then
ihD,=ih(d+icd, |=ihd,~hca,.
Since
N
axA:ﬁp4’
we obtain

ihD,=H-icp,.

Definition 7.1 (Quantum McGucken operator). The quantum McGucken operator is

The quantum McGucken constraint is
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7.2 Energy-fourth-momentum relation
Equation (32) gives
|H-icp,|¥=0,
or
H¥=icp,¥.

Thus energy is the generator conjugate to time, while p, is the generator conjugate to fourth-

coordinate translation; the McGucken constraint ties them through the invariant coefficient i c.

7.3 Plane-wave spectrum
Let
W (t , X4) —priettkix,

Then

HY=hoV,p,¥=hk,¥.
The quantum McGucken constraint Mw=0 gives

hw-ichk,=0.
Therefore
w=ick,.

This is the spectral form of the McGucken Principle.

8. Projection to the Lorentzian Wave Operator

8.1 Fourth derivative under x,=ict

From

one obtains

Therefore
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. \2
_Lat 1

2 _
0,.=
c

8.2 Euclidean Laplacian to Lorentzian wave operator

The four-coordinate Euclidean Laplacian is
A,=0:+0°+0° +0° =V’+0° .
Using (40),

1
A4HV2—?63.

Definition 8.1 (Induced McGucken wave operator). The induced second-order McGucken operator
is

1
DMZZVZ_—Z(’)[Z.
c

This is the d’ Alembertian in the sign convention where spatial derivatives enter positively.

Theorem 8.2 (McGucken projection theorem). Projection of the Euclidean fourth-coordinate
Laplacian by the McGucken relation X, =i C{ yields the Lorentzian wave operator:

A0,
Proof. Substitute the derivative identity (39) into (41). The fourth derivative contributes
=,
)

A,=V?+0, >V~ c?0;=0,,.

9. Relation to the Schrodinger and Diffusion Operators
The Schrodinger equation uses the operator relation
iho,y=Huy.

For a nonrelativistic particle,

2
H=--—V*+V.
2m
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Historically, the Schrodinger operator made differential operators central to wave mechanics, while
the Hamiltonian operator became the generator of time evolution ([21]).

The McGucken substitution supplies the structural reason that quantum time evolution carries an i.
Since

time differentiation inherits the imaginary relation between the fourth coordinate and temporal
projection. In this sense, the McGucken operator places the factor i at the geometric root of the
Schrodinger operator rather than treating it as a purely formal quantum postulate.

The heat or diffusion operator has the schematic form
0,—k V.
The Schrodinger equation differs by imaginary time:
io,y~Vy.

The McGucken relation X, =i Ct is therefore naturally aligned with Wick rotation: the same fourth-

coordinate structure that yields Lorentzian signature also explains why unitary quantum evolution and
Euclidean diffusion are analytically connected.

10. Wick Rotation as an Operator Statement

Let T denote Euclidean time and t Lorentzian time. Wick rotation is commonly written
T=itort=-1irt,

depending on convention.

Within the McGucken framework,

x,=ict
implies
X .
T4 1t
C
Thus the Euclidean fourth-coordinate time
X
T:=—
C

satisfies

Page 31 of 59



The McGucken Operator Dy: The Source Operator

T=it
10.1 Wick derivative identity
From t=it,
ar—%at:%at ~ia,.
Equivalently,
0,=io0

T

Thus the McGucken operator supplies the differential form of Wick rotation:

10.2 Theorem: Wick rotation from McGucken flow

Theorem 10.1 (McGucken-Wick theorem). If X,=ict and T=x,/c, then the Wick relation T=it

follows immediately, and the corresponding derivative identity is 0,=—1i0,.
Proof. Divide X,=ICt by c:

Xy .
—=It.
C

By definition T=X,/c, hence T=it. Differentiating gives

or_1__

ot i ’
SO

0=-i0

This theorem is one of the central reasons the McGucken operator deserves independent attention. It
shows that Wick rotation is not an external analytic trick but the derivative-level expression of the
fourth-coordinate flow.

11. Clifford Factorization and the Dirac-McGucken Operator

11.1 From second order to first order

The induced McGucken wave operator is
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1
DMZVZ_—Zaf.
C

In relativistic notation, let x’=ct and let 0 u= 0/0 x". With metric signature ¢,
0,=n""0,0,.

Let y* be matrices satisfying the Clifford relation

y".y"1=2n""1.
Define

ol:=y"0,.
Then
9*=1"",0,=0.
11.2 Dirac-McGucken operator
Definition 11.1 (Dirac-McGucken operator). The Dirac-McGucken operator is
D,;:=ihcy"d,~mc’.

Equivalently, in natural units h=c=1,

D,=iy"d,—m.
11.3 Squaring theorem

Theorem 11.2 (Square-root theorem). In the absence of gauge fields, the product of conjugate
Dirac-McGucken factors yields the massive induced wave operator:

liy*a,—m|iy*d,+m|=-|0,+m’)
in natural units.
Proof. Expanding,
(iy“ay—m)(iyvav+m):—y“yvay6v—m2

because the cross terms cancel. Since 0 u 0, is symmetric in 1, v, only the symmetric part of vy
contributes:

\% ]- 1 \%
y'y auaﬁg{v“,v j0,0,=n""0,0,=0,,.
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Therefore

(iy“au—m)(iyvaﬁm):—DM -m’= —(DM+m2).

Thus the first-order Dirac-McGucken operator is a Clifford-linear square root of the second-order
McGucken wave operator. This mirrors the historical role of the Dirac operator as a first-order square
root of a second-order relativistic operator ([3]).

12. Gauge-Covariant McGucken Operator

Physics usually promotes partial derivatives to covariant derivatives when gauge structure is present.
Let

vu:a/i"'A/J

be a gauge-covariant derivative, where A , is a connection one-form acting in an appropriate

representation.

The gauge-covariant McGucken flow derivative is

Dy :=V +icV,.
When expanded,

Dy=0+icd, +A+icA,.

Thus the McGucken direction selects the connection component

Ay:=A+icA,.
Definition 12.1 (McGucken connection component). The McGucken connection component is

Ay=A+icA,.
It is the gauge field component measured along the invariant fourth-dimensional flow.

This gives a natural gauge-theoretic extension of the McGucken operator:
A _
D,,=D,+A,,.

13. Self-Adjointness, Anti-Self-Adjointness, and Physical Domains

Operator theory in quantum mechanics requires more than formal expressions. A physical operator
must be supplied with a domain and an inner product. Von Neumann’s Hilbert-space formulation
made linear operators central to the rigorous mathematical formulation of quantum mechanics ([22]).
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The bare differential expression
D,=0,+icd,
is not automatically self-adjoint. Its adjoint depends on:

. the function space;
. boundary conditions;

. whether t is an external parameter or coordinate;
. whether X, is real, imaginary, compact, or analytically continued;

. whether the measure is Euclidean, Lorentzian, or induced from the constraint surface.

The quantum McGucken operator
M=ihD,,

is the natural generator, because multiplication by i i converts anti-Hermitian derivative generators
into Hermitian observables under suitable boundary conditions. This parallels the standard momentum
operator

p=-ihd.,,
which is Hermitian only after a domain and boundary conditions are specified.
Thus the correct formal position is:

Principle 13.1. The McGucken operator becomes a physically admissible quantum generator when
M=ihD,, is represented on a Hilbert space of states satisfying the McGucken constraint with

boundary conditions making the associated generator self-adjoint or essentially self-adjoint.

This claim is structural. It is required for spectral interpretation, unitary flow, and probabilistic
quantum mechanics.

14. Commutators and Algebraic Structure
14.1 Basic commutators
Let D,,= 6[+i c ax4' Acting on functions of {, X4,
D, t]=1,
because
D,[t¥|-tD,¥P=V.

Similarly,
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{DM,X4):1'C.
For the constraint function @ ,,=x,—ict,
D, ®,|=D, ®,=0.
Thus D, is invariant under D,,.

14.2 Quantum commutators

With
M=ihD,,,
one obtains
M, t|=ih,
and
[A/Zl,x4)=ihic=—hc.
Finally,

(M, ,|=0.
Equation (81) is the operator statement that McGucken evolution preserves the McGucken constraint.

15. Variational Formulation

The McGucken constraint can be enforced variationally by introducing a Lagrange multiplier A. A
minimal constraint action is

Sc|x4, A|l=[dtAlt][x,~ic].
Variation with respect to A gives
x,—ic=0,
which is the McGucken Principle. Variation with respect to X, gives
A=0,
so the multiplier is conserved along the constrained flow.

For a field ¥, the formalism writes a first-order McGucken action

S, |¥,¥|=[dtdx,d’x¥ihD,¥.
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Variation with respect to p gives
ihD, ¥=0,
or
My=0.

This variational form makes the McGucken operator structurally analogous to the Dirac operator: a
first-order differential operator enters directly into the action, and its vanishing gives the field
equation.

16. The McGucken Operator and Noether Structure
Since D, generates the transformation
[t,x4)l—>(t+s,x4+ics),

it is associated with invariance under simultaneous time translation and fourth-coordinate translation.
If an action is invariant under this combined transformation, Noether’s theorem implies a
corresponding conserved current. Noether’s theorem is the standard bridge from continuous
symmetries to conservation laws ([15]).

Let a field action be
S|W|=[L¥,0,%,0, ¥, V¥|dtdx,d’x.
The infinitesimal McGucken transformation is
6t=e,6x,=ice.
The corresponding field variation is
6¥Y=-¢eD, V.
If § S=0, then there exists a current J ¥, satisfying
3,7%=0.

Thus the McGucken operator is the infinitesimal generator of McGucken conservation: conservation
under invariant fourth-dimensional advance.

17. Operator Hierarchy

The McGucken operator is understood through the following hierarchy:

Layer Object Formula Mathematical type Physical meaning

Constraint qj X, — l ct Function Defines the fourth-
M 4 coordinate law
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Layer Object Formula Mathematical type Physical meaning
Flow D o0.+ico Vector field / differential ~ Generator along
M t Xy operator McGucken advance
Quantum 7 . — IJ _ : % Quantum operator Constraint linking
M inh DM =H-ic p energy and fourth
momentum
Euclidean second order A vZ + 62 Elliptic operator Four-coordinate
4 X, isotropic operator
Lorentzian projection O v2 -c 2 62 Hyperbolic operator Relativistic wave
M t propagation
Spinorial square root D . M _ Clifford-linear operator Fermionic propagation
M iy’0,—m
Gauge extension DA v +ic v Covariant derivative Gauge-covariant fourth-
M t Xy flow generator
Variational form S s Action functional Operator equation from
M f ¥YihD M ¥ stationary action

This hierarchy shows why there is no single satisfactory answer if one asks only “what is the
McGucken operator?” The complete answer is layered:

Dy=0,+icd,,

is the primitive McGucken operator, while

is its quantum generator form, and

is its induced second-order Lorentzian wave form.

Full hierarchy of powers

H-icp,
1
0,
C

The following table records the specific power gained at each level of the hierarchy.

Immediate Physical
Hierarchical level Object operation Theorem-yield interpretation Status
Constraint — — Establishes the Physical states or Definition
= Defines Y
(DM XyT1LC t CM McGucken events lie on fourth-
hypersurface coordinate advance
Tangent flow D. = a +ic a Differentiates along D..®,. =0 The operator Theorem
M t X C MM preserves the law
M .
x,=1ct
Characteristics — Solves along flow — ( _ Fields constant Theorem
DM ¥=0 lines Y=F X, 1C along McGucken
flow
Finite flow sDy, Translates ( t.x ) ' (t % ) ) ( ] Fourth-dimensional ~ Theorem
>4 >4 advance as one-
parameter flow
Quantum lift r—- Converts derivative AF— 17 _ : ~2 Energy tied to Direct derivation
M=ih DM to generator M=H-ic P4 fourth momentum
Wick bridge T=X /C Identifies Euclidean T=it Wick rotation from Theorem
4 time geometry
Lorentzian A 0 2 172 _ —2 Relativistic wave Theorem
projection 4 M Converts ax4 to I:|M - v c operator emerges
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Immediate Physical

Hierarchical level Object operation Theorem-yield interpretation Status
-2 72

-c 0,
Spinorial square D Clifford .o _ . Dirac-type Theorem after
root M factorization Ly a u mjiry propagation Clifford assumption
Gauge covariant A __ . Couples to A —A+icA Gauge field along Definition/program
extension DM - vt+1 c v connection M t ¢ McGucken flow
Spectral program Studies eigenvalues  Self-adjointness and ~ Quantum Programmatic

Spec (1\7[)

and domains

Special-powerful-unique diagnostic table

Diagnostic question

spectral action
questions

Ordinary operator answer

observables and
possible unification

McGucken-operator answer

What selects the operator?
What does it preserve?

What is its primitive action?

Hamiltonian

A known equation, symmetry, or

A norm, energy, charge, or boundary
condition, depending on context

project

Differentiate, translate, rotate, evolve, or

What structure does it generate?

What makes it unique?

What is its deepest role?

Usually one structure: time evolution,
waves, rotations, etc.

Usually representation choice or boundary
conditions

Acts inside a pre-existing formalism

18. Relation to Established Operators

The constraint X, — ict=0 itself
The McGucken hypersurface (0)] M— 0

Advance in { and X 4 simultaneously with
dx,/dt=ic

A chain: flow, constraint, Wick rotation,
Lorentzian wave operator, quantum
constraint, Dirac square root

Tangency plus normalization forces
Dy=0.+icd,

Serves as the source operator for the
formalism

Established operator Formula Historical role McGucken relation
Derivative 6 X Local change D M is the derivative along
fourth-dimensional advance
Laplacian 2 Harmonic, gravitational, .
A=V diffusion, wave, Schrédinger A4 projects to DM
structures ([8])
d’Alembertian O= VZ -c 2 aZ Relativistic wave propagation Equals induced McGucken
- t [(E2)]) wave operator
Hamiltonian I’_T =i h a Energy and time evolution Is contained in
- t 14 ST s A
(4D M=H-icp,
Momentum Spatial translation generator

Schrodinger operator

Dirac operator

Noether generator

iy"o,-m

Infinitesimal symmetry operator

Quantum wave evolution ([21])

Relativistic spinorial square
root ([3])

Connects symmetry to
conservation ([15])

~
P is fourth-coordinate

translation generator

The factor ] is geometrically

sourced by X , = ict

Square root of induced [] M

D M generates McGucken
flow symmetry

The McGucken operator therefore does not replace these operators. D, organizes them by supplying

the source relation for the imaginary-time, Lorentzian, Hamiltonian, and wave-operator structures that
recur throughout physics.
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Comparative operator table

Operator

Core equation

Assumed arena

Generator role

McGucken
reinterpretation

Spatial derivative

Momentum

Hamiltonian

Laplacian

d’Alembertian

Schrddinger operator

Dirac operator

Gauge-covariant
derivative

Noether generator

X with§ S=0

Derivation cascade table

A coordinate line

Quantum configuration
space

Quantum time evolution

Euclidean geometry

Lorentzian spacetime

Hilbert-space quantum
mechanics

Clifford/Lorentzian spin
geometry

Principal
bundle/connection

Variational symmetry

Infinitesimal spatial
change

Spatial translation

Time translation

Harmonic/equilibrium
operator

Wave propagation

Quantum wave
evolution

Relativistic spinor
propagation

Parallel transport

Conserved current

D M is the derivative
along the t, Xy
McGucken line

P 4 becomes the fourth-

coordinate partner of
energy

Iii)ne tef\m in
M=H-icp,
A4 is the pre-projection
ancestor of DM
Induced by

&’ =-c
The | 6t structure is

traced to X4:iCt

Square root of the
induced McGucken
wave operator

A_ .
Dy=V+icV,
selects the McGucken
connection component

D M is the generator of

fourth-advance
conservation

Step Input Calculation Output Interpretation

! dx 4/ dt=ic Integrate x,=ict ng,l;lhc—;oordinate

2 [0)] M=X4— ict Differentiate at (DM =-ic. Constraint gradients
0, @y=1

3 DM=8t+icax4 Applyto@M DM(I)M:O Tangency

“ Dy¥=0 Wi PEFlxgmice e

5 X,= ict Invert derivative aXA - _ ( i / C) at g:;%::iag_ﬁme

6 ax4 =— (l/C ) at Square 6)2(4 — C—Z af Lorentzian sign

7 A4 — VZ + ai Substitute DM — vZ _ C— 2 af OR;:;jt\(f)irsﬁc wave

8 D M Multiply by | A1 M — ﬁ —ic f)4 Quantum constraint

K T=X 4/ Cc Substitute X , = ict =it Wick rotation

10 DM Clifford factorization DM =i Y H 0 -m Dirac-type square root
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Proof-status table

Claim
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Formal status in this paper

What is proved or established

What remains open

DM is tangent to (DM: 0

D M is uniquely selected

DM generates
dx,/dt=ic
A, 0Oy,
M=H-icp,
Wick rotation follows

Dirac-McGucken factorization

Gauge-covariant operator

Spectral action from D M

Theorem

Proposition

Theorem

Theorem
Direct derivation
Theorem

Theorem conditional on
Clifford representation

Definition/program

Programmatic

19. Formal Propositions

Proposition 19.1: Minimality

Direct calculation
D, ®,=0
First-order tangency and

a =1 normalization force
D M

Integral curves of D M obey
the McGucken Principle

Chain-rule substitution gives
Lorentzian sign

Canonical operator substitution

x,/c=it

Clifford algebra squares to
U M

Dy =V +icV,

Defined derivational route

Among first-order linear differential operators in , X, of the form

L=ad+bo, ,

the operator tangent to @,, =X, —iCt with a=1 is uniquely

Proof. Tangency requires

Since

we obtain

Thus

Dy=0,+ic0,, .

L®,,=0.

0,0, =-ic,0, ®y=1,

L®d,=al-ic|+b=0.

b=ica.
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operators

Physical interpretation of
parameter § in all settings

Curved-space generalization
Domain and self-adjointness

Analytic continuation and
contour conditions

Natural selection of spinor
bundle

Physical gauge group and
curvature constraints

Full derivation of action sectors
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With normalization a=1,
b=ic.
Therefore

L=0,+icd,=D,.

Proposition 19.2: Induced Lorentzian signature

The substitution X, =1t converts the Euclidean quadratic form

d’=dx+dx;+d x;+d x;
into the Lorentzian interval

de’=dxi+dx;+dxi—-c’dt’.
Proof. Since d x,=icdt,
dx:=licdt=-c’d¢’.
Substitution into (98) gives (99). o
Proposition 19.3: Induced wave operator
The operator-level projection corresponding to Proposition 19.2 is
A,~0Oy.

Proof. This is Theorem 8.2. =

Proposition 19.4: Constraint preservation

The quantum McGucken operator preserves the McGucken constraint:
M, ®,|=0.
Proof. Since ]\/ZZihDM,
(M, ®,|=ih[D,,®,|.
For multiplication by @,

D,,®,|¥=D,|®,P|-®,D,¥=D,®,¥.
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But D,,®,,=0. Hence

M, ®,|=0.

Proposition 19.5: Fourier-symbol form

On exponential modes

—iwt+ik,x,
3

the symbol of D, is
0|Dy|=-iw-ck,.
The McGucken constraint D,, ¥ =0 imposes
w=ick,.
Proof. Apply D,, to the mode:
atqf:—in,GXA‘I’:ik4‘I/.
Therefore
D, P=(-iw+icik,|P=-io-ck,?.
Setting this to zero gives
-iw-ck,=0,
or

w=ick,.

20. Interpretive Significance

The McGucken operator condenses the main claims of the McGucken Principle into operator
language:

1 It is first-order, because the principle itself is first-order.

2 It is directional, because the principle asserts a flow.

3. Itis complex, because the fourth-coordinate advance is imaginary relative to t.
4

It is relativistic, because its second-order projection yields the d’ Alembertian.
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It is quantum-compatible, because multiplication by i 1 gives a Hamiltonian-type constraint.
It is Wick-compatible, because X,/c=it.

It is Dirac-compatible, because its induced wave operator admits Clifford square roots.

NS W,

It is Noether-compatible, because it is an infinitesimal generator of a continuous
transformation.

The McGucken Operator is best understood as a foundational generator. D, is the operator form of
the equation itself, not an auxiliary operator written after the equation has already been assumed.

21. Formal Definition Suite
For clarity, the notation is:
D, =x,—ict
for the McGucken constraint function;
Dy, =0,+ico,
for the primary McGucken flow derivative;
Dy,=0,~icd,,

for the conjugate characteristic operator;

for the quantum McGucken operator;

for the induced McGucken wave operator;

Dy=iy"0,—m
for the Dirac-McGucken operator in natural units;

D=V +ic v,
for the gauge-covariant McGucken operator.
22. The McGucken Operator as a Primitive

The history of operators suggests a general pattern:

. the derivative operator formalizes local change;
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. the Laplacian formalizes isotropic curvature and equilibrium;
. the d’ Alembertian formalizes relativistic propagation;

. the Hamiltonian formalizes energy and time evolution;

. the momentum operator formalizes translation;

. Noether generators formalize continuous symmetries;
. the Dirac operator formalizes first-order relativistic spinorial propagation;
. Hilbert-space operators formalize quantum observables.

The McGucken operator fits this lineage as the operator of invariant fourth-dimensional advance. D,

’s primitive action is not spatial translation, temporal evolution alone, phase rotation alone, or wave
propagation alone, but the combined transformation

(t,x4)l—>(t+s,x4+ics.

This combined transformation contains the imaginary unit, invariant speed, and fourth-coordinate
direction in one infinitesimal generator.

The conceptual claim is therefore:

Principle 22.1. If d x,/d t =i C is accepted as a foundational physical-geometric postulate, then

D, =0,+ic ax4 is the corresponding foundational operator.

The formal results of this paper support the claim by showing that D, is uniquely determined by
tangency, generates the postulated flow, preserves the constraint, induces Lorentzian signature at
second order, supplies the derivative content of Wick rotation, admits quantum Hamiltonian form, and
factors into Dirac-type structures after Clifford extension.

23. Foundational Priority and Minimality of the McGucken Operator

The previous section established that D), is primitive. This section formulates that claim as a set of

parallel operator-theoretic propositions. The goal is not to remove the established operators of physics,
but to place them in a derivational hierarchy whose source operator is the McGucken flow derivative.

23.1 Operator derivability order

Let Ph y sO p denote the class of operators that function as physically meaningful generators,
constraints, wave operators, observable operators, or field operators. Define an operator-derivability

relation <, , by

=op

0,%,,0, = 0,€ Der, 0,

where Der » Oz) denotes the closure of O, under admissible operator operations:

Der,, |O]=( O ; projection , restriction , quantization , squaring , factorization , commutation , covariantization
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This relation is reflexive and transitive, hence a preorder. Reflexivity holds because every operator
belongs to its own closure. Transitivity holds because a derivation from O, to O,, followed by a

derivation from O, to O,, composes to give a derivation from O to O,.

23.2 Primitive signature of the McGucken operator
The McGucken operator has the primitive signature
Sig|Dy|={x,,t,i,c,®,=x,~ict,dx,/dt=ic,D,=0,+ic0, |.

This signature contains four irreducible pieces of operator-level information:

Primitive datum Operator meaning
X Distinguished fourth-coordinate direction
4
d X4/d t=ic Universal flow law
D = X, — ict Constraint hypersurface preserved by the operator
M
D, = a +ic a Normalized first-order generator tangent to the constraint
M t X,

The standard operators derived later retain consequences of this signature, but they do not retain the
whole signature.

23.3 Universal operator-derivability principle

Principle 23.1 (McGucken Operator Universal Derivability Principle). Every standard operator in
the McGucken hierarchy is derivable from D,
0%, D, foreveryO€E McGuckenPhysOp.

op

Here McGuckenPhysO p includes the derived Hamiltonian constraint, fourth-momentum
relation, Wick derivative, Lorentzian wave operator, Dirac-McGucken operator, gauge-covariant
McGucken operator, commutator algebra, and spectral/plane-wave representations.

The derivation pattern is summarized by:
D, - M=ihD, -~ H-icp,,
D, - A,-0O,,,
Oy — Dy,
and

Dy - Dy=V+icV,.
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23.4 Worked operator-derivation table

Derivation from D M

Derived operator Operation
Quantum McGucken operator \/f M=ihD o Quantization
Hamiltonian-fourth-momentum constraint M — I’_j —ic ﬁ4 Canonical substitution
Wick derivative identity X,= ict= ax =1 / ( i C] at Constraint projection
4
Lorentzian wave operator [] A P v2 —c? 62 Squaring/projection
D! M 4 C ¢
Dirac-McGucken operator D M Clifford square root of [] M Factorization
Gauge-covariant McGucken operator Df/[ D M g Vt +ic V X, Covariantization
Commutator algebra A= Quantized generator algebra
[xu,pv —lhéuv
Plane-wave spectrum ilkyx,~wt) _ . i| Fourier diagonalization
D, =(-iw-ck,e

23.5 Non-derivability from the Hamiltonian

Theorem 23.2. The Hamiltonian H =i h 0, does not determine D ; unless the fourth-coordinate

primitive signature is added.

Proof. The Hamiltonian determines time evolution. It contains 0,, but not a distinguished fourth
derivative 6,(4, not the coefficient i ¢ as a geometric flow coefficient, not the constraint @, =x, —ict

, and not the tangency condition

D,, ®,,=0.
Infinitely many operators of the form

L=0,+bo,

share the same time derivative but differ in the auxiliary coordinate y and coefficient b. The
Hamiltonian alone therefore cannot select y =X, and b=ic. Thus Dy, %, , H unless the missing

McGucken signature is supplied externally. =
23.6 Non-derivability from the momentum operator

Theorem 23.3. The momentum operator P y= iho , does not determine D), unless the McGucken

flow law is added.

Proof. Momentum operators generate translations in chosen coordinates. They do not by themselves
select a relation between t and X4, nor do they impose

dx,

=ic.
dt

The McGucken operator is not a translation operator alone in X,; it is the combined generator
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Dy=0,+icd,,

tangent to @,,=0. Momentum gives derivative directions, but not the primitive coupling of temporal
and fourth-coordinate directions. Therefore the momentum operator does not derive D, without extra
McGucken data. o

23.7 Non-derivability from the d’Alembertian
Theorem 23.4. The Lorentzian wave operator [1,, does not determine D ,; uniquely.

Proof. The d’Alembertian is second order:

Second-order operators generally admit many first-order factorizations after extensions of
representation space. For example, a Clifford factorization requires a choice of gamma matrices, and
different sign conventions or representation modules can square to the same wave operator. Moreover,

00, no longer displays the primitive fourth-coordinate flow X, =1t or the first-order tangency

condition D,, ®@,,=0. Thus the map
D, -0,

forgets first-order directional data. Since forgotten first-order data cannot be uniquely recovered from
[J,, the d’ Alembertian cannot derive D, without additional McGucken structure. o

23.8 Non-derivability from the Dirac operator

Theorem 23.5. The Dirac operator does not determine D, unless the McGucken primitive signature
is added.

Proof. A Dirac-type operator is a first-order Clifford-linear square root of a Lorentzian second-order
operator:

D=iy"d,—m.

It encodes spinorial propagation after Lorentzian structure and Clifford representation have been
chosen. But it does not uniquely determine the pre-projected fourth-coordinate law d x,/d t =i c, nor
the constraint @, =X, —iCt, nor the normalized operator Dy =0,+i¢ 0, . It is therefore
downstream of the induced Lorentzian and Clifford structures rather than upstream of the McGucken
flow. =
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23.9 Non-derivability from gauge-covariant derivatives

Theorem 23.6. Gauge-covariant derivatives do not determine D, unless the McGucken flow is
supplied.

Proof. A gauge-covariant derivative has the general form
V,=0,+A,.
It encodes parallel transport in an internal bundle. But gauge covariance alone does not select the

direction 0,+i ¢ % the constraint surface X, —1Ct=0, or the primitive expansion law. The gauge-
covariant McGucken operator

Dy,=V, +ic v,
is obtained by covariantizing D,, not by deriving D, from an arbitrary covariant derivative.
Therefore Dfl descends from D,,, while D, is not determined by gauge covariance alone. o
23.10 Foundational maximality theorem

Theorem 23.7 (foundational maximality of the McGucken operator). In the operator-derivability

preorder, D, is foundationally maximal among the operators in the McGucken hierarchy:
VOeMcGuckenPhysOp,0<%,,D,
while for every standard derived operator O # D,
Dy%,,0
unless the McGucken primitive signature is added to O as extra structure.

Proof. Equation (129) follows from the derivations already proved in this paper: quantization yields
1\//\[, canonical substitution yields H —ic ]3 4> Projection yields Wick identities and U, Clifford
factorization yields D, and covariantization yields D;‘,I. Equation (130) follows from Theorems 23.2

through 23.6: the Hamiltonian lacks X,; momentum lacks the temporal-fourth-coordinate coupling;
the d’ Alembertian forgets first-order flow; the Dirac operator presupposes Clifford structure; and
gauge derivatives do not select the McGucken direction. Therefore D, is prior to the derived
operators in the operator hierarchy. =

23.11 Primitive simplicity theorem

Define the primitive-law complexity C » (O] of an operator O to be the number of independent

primitive physical laws required to specify it as a source operator. The McGucken operator D, is
generated by one primitive physical law:
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d
dxt4:ic.

Taking the directional derivative along this law gives
Dy=0+ico,..

Theorem 23.8 (minimal primitive-law complexity). The McGucken operator is primitively minimal
among nontrivial source operators:

Proof. A nontrivial source operator must encode at least one physical generating law; otherwise it is
not a physical source operator. Hence C, » |0)>1 for any nontrivial source operator O. Since D, is
specified by the single law d X,/ d t =i c, its primitive-law complexity is exactly one. This is the

minimum possible nonzero complexity. o

23.12 Final parallel operator table

Can derive D M’

Operator Can derive McGucken hierarchy? Status
Hamiltonian H Partially No, lacks X 4-flow Derived time-evolution
generator
Momentum ﬁy Partially No, lacks d X, /dt=ic Derived translation
generator
d’Alembertian [] Partially No, second-order projection forgets  Derived wave operator
first-order flow
Wick derivative Partially No, identity after projection  Derived analytic-
continuation operator
Dirac operator D Partially No, requires prior Clifford structure ~ Derived square-root
operator
Gauge derivative \V Partially No, does not select McQuclfen Derived connection
H direction  operator
Operator algebra A Partially No, requires prior state/operqtor Derived algebra
construction
Yes Primitive ~ Foundational source

McGucken operator D M

Thus the parallel operator conclusion is:

The McGucken operator is not derived from the standard operators; the standard operators in the hierarchy a

operator

23.13 Physical-reality explanation of the power of the McGucken operator

The preceding theorems give the formal reason D, is foundational in the operator-derivability order.

The natural physical reason is that D, is the operator expression of foundational physical reality,

while the standard operators are expressions of derived structures.

The McGucken Symmetry paper identifies d X,/d t =i ¢ as the foundational symmetry of physical

geometry and states that Lorentz, Poincaré, Noether, gauge, quantum-unitary, CPT, diffeomorphism,
supersymmetry, and duality symmetries descend from it ([1]). The McGucken Sphere paper identifies
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the McGucken Sphere as spacetime’s foundational atom: the null-spherical propagation unit generated
by the same principle and underlying wavefronts, propagation, and quantum structures ([2]).

This gives the following operator principle.

Principle 23.9 (physical-source explanation of operator power). An operator has maximal
foundational power when it is not a generator alone of a transformation inside an already-derived
arena, but the infinitesimal expression of the primitive physical symmetry and primitive propagation
atom from which those arenas are generated.

The McGucken operator D), satisfies this principle:

Foundational physical reality Operator encoding Derived operator consequence
McGucken Symmetry D — a + l o) a Lorentzian, Hamiltonian, Wick, and
M t X4 quantum constraint structures

McGucken Sphere Directional differentiation along Wavefront, path-integral, and null-

X4 — l c t propagation propagation operators

Fundamental invariant speed Coefficient j C Relativistic wave operator and causal
structure
Primitive fourth-coordinate flow Tangency to D . =x,—ict Constraint preservation and characteristic
M™ 4

invariants

Thus the power of D, among its mathematical peers is not accidental. The Hamiltonian is powerful
because it generates time evolution. Momentum is powerful because it generates spatial translation.
The d’Alembertian is powerful because it governs waves in Lorentzian spacetime. The Dirac operator
is powerful because it encodes spinorial square roots. But in the McGucken framework these are

downstream powers. D, has source-power because it is the operator form of the foundational

symmetry and the differentiable generator of the foundational spacetime atom.

24. Historical Non-Identity: No Standard Operator Has Realized the
Full Dy, Role

Nothing identical to the McGucken Operator D, has been realized in standard mathematical physics.
The closest historical relatives are Dirac operators, Hamiltonian generators, Noether generators,
Wheeler-DeWitt constraints, Wick rotation, and spectral triples. Each captures part of what D,, does.

None captures the full source-operator role of D,,: a first-order operator generated directly from the

primitive physical law d x,/dt=ic.

The McGucken Operator is distinct because it is not an operator inside a given physical arena. D, is
the source operator generated by the primitive physical law itself:

d
dXt4:iC

and therefore

Dy=0,+ic0,,.
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The defining point is not only first-order form. The defining point is source status: D, carries the

primitive signature

24.1 Historical relatives and exact distinctions

The following table gives the exact comparison.

What it shares with

Sig|Dy|={x,,t,i,c,®,=x,~ict,dx,/dt=ic,D,,].

What it lacks relative to

Historical relative Standard role D M D M Formal conclusion
Dirac operator First-order differential First-order structure; Does not contain X 4, _Pamgl analogue, not
operator; formal square square-root relation; identical
root of a second-order deep physical meaning dx 4 / dt=i c,

Hamiltonian generator

Noether generator

Wheeler-DeWitt
constraint

Wick rotation

Spectral triple

operator such as a
Laplacian ([3])

Generates time evolution
in quantum mechanics

([14D

Infinitesimal generator
associated with
continuous symmetry
and conservation ([15])

Quantum-gravity
Hamiltonian constraint
acting on wave
functionals of spatial
geometry ([7])

Transformation relating
real time and imaginary
time ([4])

Operator ]) in
(A B H ,D) helps

encode geometry
through algebra, Hilbert
space, and commutators

()

Generator status;
relation to time
evolution

Generator of a
continuous
transformation

Constraint form;
foundational ambition;
quantum-gravity
relevance

Involves i, time,

Euclidean-Lorentzian
transition

Operator can encode
geometry

24.2 Definition: full source-operator realization

(DM:X4_lCt,or
the source law
generating Lorentzian
signature

Presupposes time and
Hilbert-space dynamics;
does not contain fourth-
coordinate advance

Presupposes an action
and symmetry; does not
itself supply the
founding law

dx,/dt=ic

Acts inside canonical
quantum gravity;
presupposes spatial
metric variables and
functional configuration
space

Transformation, not a
first-order source
operator; lacks

Dy=0,+icd,,
Presupposes algebra A,
Hilbert space H, and

operator ]); does not
derive them from

dx,/dt=ic

Downstream time-
evolution sector

Derived symmetry-
generator analogue

Constraint analogue, not
primitive source
operator

Projection consequence
of X, = ict

Geometric-encoding
analogue, not source
operator

Definition 24.1 (full source-operator realization). An operator O is a full source-operator

realization for a physical hierarchy H if the following four conditions hold:

1. O is generated directly from a primitive physical law L.

O is first-order in the primitive flow variable.

The principal downstream operators of H are obtained from O by projection, quantization,

squaring, factorization, covariantization, commutation, or representation.
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4.  O’s primitive signature cannot be reconstructed from any one downstream operator without
adding that signature as external structure.

For the McGucken hierarchy,

I dx, .
0 g =IC,
0=D,,,

and

H:{ﬁ’ﬁ ’M:DM:DM:D?/I,[',')}-

u

24.3 Theorem: D, is a full source-operator realization

Theorem 24.2 (full source-operator theorem). The McGucken Operator D, is a full source-
operator realization for its operator hierarchy.

Proof. Condition 1 holds because D), is generated directly from d x,/d t =i ¢ by the chain-rule
directional derivative:
d d

EZ,Mzaﬁ

dxt“ 3, =d+icd, .

Condition 2 holds because D, is first-order in t and X,. Condition 3 holds because the Hamiltonian
sector follows from i 71 0,, the fourth-momentum sector from — ih 5}(4, the quantum McGucken
constraint from i i D,;, Wick identities from X, =i Ct, the Lorentzian wave operator from

ai > — ¢ 20, Dirac-type operators from Clifford factorization of the induced wave operator, gauge-
covariant derivatives from D, — Dﬁ =V,+ic VXA, and commutator structures from quantized or

covariantized descendants. Condition 4 holds because no one of those downstream operators contains
[x,,t,i,c,®@,,dx,/dt=ic,D,} without external reintroduction. Therefore D, is a full source-

operator realization. o

24.4 Theorem: the Dirac operator is not identical to D),

Theorem 24.3 (Dirac non-identity theorem). The Dirac operator is not identical in structural role to
the McGucken Operator D .

Proof. A Dirac operator is first-order and formally square-roots a second-order operator such as a
Laplacian or wave operator ([3]). Thus it shares with D, the features of first-order form and square-
root relevance. However, the Dirac operator requires an already-defined metric and Clifford
representation. It does not itself generate X, =1 t, does not define P ,, =X, —iCt, and does not

contain the primitive law d x,/d t =i c. The McGucken Operator, by contrast, generates the induced
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wave operator before Clifford factorization. Therefore the Dirac operator is a descendant-type or
analogue-type operator, not an identical source operator. o

24.5 Theorem: the Hamiltonian is not identical to D,

Theorem 24.4 (Hamiltonian non-identity theorem). The Hamiltonian generator is not identical in
structural role to D .

Proof. The Hamiltonian generates time evolution in quantum mechanics and acts on states in an
already-defined dynamical arena ([14]). The Hamiltonian therefore contains the time-evolution sector.

But the Hamiltonian does not contain X,, does not specify d x,/d t =i c, does not define the
McGucken hypersurface @,,=0, and does not generate Wick rotation or the Lorentzian wave
operator by itself. In the McGucken hierarchy, the Hamiltonian is the t-component of the quantum
operator i L D, not as the source of D,,. Therefore the Hamiltonian is not structurally identical to
D,,.o

24.6 Theorem: Noether generators are not identical to D,

Theorem 24.5 (Noether-generator non-identity theorem). Nocther generators are not identical in
structural role to D,,.

Proof. Noether’s theorem connects continuous symmetries of an action with conserved quantities
([15]). A Noether generator therefore presupposes an action and a continuous symmetry of that action.
The McGucken Operator can become a Noether generator when an action is invariant under

(t s x4) g (t+s ,X,tic S), but the source of D, is not Noether’s theorem. The source of D, is the
primitive physical law d x,/d t =i c. Therefore Noether-generator status is a downstream

interpretation of D, not an identical historical realization of the source operator. o

24.7 Theorem: the Wheeler-DeWitt constraint is not identical to D,

Theorem 24.6 (Wheeler-DeWitt non-identity theorem). The Wheeler-DeWitt constraint is not
identical in structural role to D,.

Proof. The Wheeler-DeWitt equation is a quantum-gravity constraint equation acting on wave
functionals of spatial geometry and describing the quantum Hamiltonian constraint ([7]). It has
foundational ambition because it concerns quantum gravity and the Hamiltonian constraint. But it
presupposes metric variables, functional wave states, and canonical gravitational structure. It does not

arise from d X4/d t=ic, does not define D, = 6t+ ic axa, and does not carry the McGucken

primitive signature. Therefore it is a constraint analogue but not the same source-operator realization.

u}

24.8 Theorem: Wick rotation is not identical to D,,

Theorem 24.7 (Wick non-identity theorem). Wick rotation is not identical in structural role to D ;.
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Proof. Wick rotation relates real time and imaginary time by analytic continuation, commonly
t=—1itort=it, and is used to relate Lorentzian and Euclidean formulations ([4]). The McGucken

relation X, =it implies T=X,/c=it, so Wick rotation is a projection or coordinate consequence of
the McGucken relation. But Wick rotation alone is not the first-order operator D ;= 5t+i c ax4, does
not define the McGucken constraint @,, =X, —1Ct, and does not generate the complete hierarchy of

Hamiltonian, wave, Dirac, gauge, and commutator descendants. Therefore Wick rotation is a
descendant identity, not an identical source operator. o

24.9 Theorem: spectral triples are not identical to D),

Theorem 24.8 (spectral-triple non-identity theorem). Spectral triples are not identical in structural
role to D,,.

Proof. A spectral triple (A, H , D) consists of an algebra A, a Hilbert space H, and an operator D,
with D encoding metric information through commutators and spectral data ([6]). This is a profound
operator-geometric construction. But the spectral triple begins with an algebra and Hilbert space
already present in the data. The McGucken Operator D), is presented as prior to such arenas: solution
spaces, Hilbert completions, operator algebras, and covariant structures are downstream from the
source flow. Since a spectral triple does not derive A, H, and D from d x,/d t=ic, it is not identical

in structural role to D ;. o

24.10 Historical non-identity theorem

Theorem 24.9 (historical non-identity theorem). Nothing identical to the McGucken Operator D,,,
understood as a first-order source operator generated directly from the primitive physical law
d x,/dt=ic, has been realized in the standard operator structures compared above.

Proof. Theorems 24.3 through 24.8 show that the closest standard relatives each lack at least one
necessary part of the full D, role. The Dirac operator lacks the primitive fourth-coordinate law. The
Hamiltonian lacks X,-flow. Noether generators presuppose an action and symmetry rather than

supplying the primitive relation. The Wheeler-DeWitt constraint presupposes canonical quantum-
gravity configuration space. Wick rotation is a transformation rather than a source operator. Spectral
triples presuppose an algebra and Hilbert space. Since each closest relative lacks the full primitive

signature {X4 ,t,i,c,®,,,dx,/dt=ic,D, } , none is identical to D ;. Therefore no identical

standard realization exists among the closest historical operator structures. ©

24.11 Positive classification

The non-identity result does not mean isolation from mathematical physics. The McGucken Operator
D,, is historically intelligible precisely because it unifies recognized operator roles:

Role Standard realization McGucken realization
First-order operator Dirac operator — ;
Dy=0,+icd,
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Role Standard realization McGucken realization

Generator Hamiltonian and Noether generators DM generates fourth-coordinate advance

Constraint Wheeler-DeWitt-type constraints AT —

P M=ihD,,

Imaginary-time bridge Wick rotation X,= ict= X, / c=it

Geometry from operator Spectral triples McGucken Space and descendant arenas
from D M

Commutator structure Quantum/gauge operator algebra Quantized and covariantized descendants of
Dy

The exact conclusion is:

The closest historical relatives each capture part of D,,; none realizes the full source-operator role of D,,.

25. Open Mathematical Questions

Several questions must be addressed in a full operator-theoretic program:

1.
2.

10.

Domain question. On what Hilbert space is M=ihD » be represented?

Self-adjointness question. Under what boundary conditions is M self-adjoint or essentially
self-adjoint?

Spectrum question. What is the spectrum of M on physically relevant domains?
Constraint quantization question. Do physical states satisfy My= 0, or does M generate
a unitary flow before imposing a constraint?

. . . A .
Gauge question. What connection structure is generated by D, =V +ic VXA?

Curvature question. How does D), generalize on curved spacetime or curved fourth-
coordinate bundles?

Spinor question. Which Clifford module is naturally selected by the McGucken square-root
construction?

Spectral-action question. Can a spectral action built from D, recover the Einstein-Hilbert,
Yang-Mills, and Dirac sectors?

Thermodynamic question. Does the one-way orientation of D, define a semigroup
structure related to entropy?

Holographic question. Does the flow generated by D, define a natural radial or boundary-

bulk evolution operator in holographic settings?

The open questions above are not defects in the definition. The open questions above are the normal
mathematical questions that arise whenever a formal differential expression is promoted to a physical

operator

26. Conclusion

The McGucken operator is most naturally defined as
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Dy=0,+ico,,.

The McGucken operator is the directional derivative along the flow X,=ict. D,, is tangent to the
McGucken constraint @,,=x, —ict=0, annihilates functions of X, — I Ct, generates the finite
transformation (t , X 4) - (t+ S,X,+iC S|, and is uniquely determined among normalized first-order

operators tangent to the McGucken hypersurface.

Its quantum form is
M=ihD,=H-icp,,
which expresses a Hamiltonian-fourth-momentum constraint. Its induced second-order form is

1
DM:VZ——28$,
C

which is the Lorentzian wave operator obtained by projecting the Euclidean fourth-coordinate
Laplacian through x,=Iict. Its Clifford square root is the Dirac-McGucken operator

D,=iy"d,—m.

Historically, the great operators of physics became important because they encoded fundamental
transformations: change, translation, rotation, energy evolution, wave propagation, symmetry, and
spinorial square roots. The McGucken operator is the corresponding operator for invariant fourth-
dimensional advance. If the McGucken Principle is the physical postulate, then D), is its infinitesimal

generator.

The specialness of the McGucken operator is geometric: D), is tangent to the hypersurface
X, —1ct=0. The power of D, is generative: from a single first-order flow derivative one obtains
characteristic invariants, Wick rotation, the Lorentzian wave operator, a quantum constraint, and a

Dirac-type square root. The uniqueness of D, is formal: among normalized first-order operators in

(t » X 4), tangency to the McGucken constraint forces precisely
D,=0+ico,..

The final conceptual distinction is therefore this. The Hamiltonian generates evolution in time. The
momentum operator generates translations in space. The d’Alembertian governs waves in Lorentzian
spacetime. The Dirac operator governs spinorial propagation once Lorentzian Clifford structure is
available. The McGucken operator, by contrast, is the generator of the fourth-dimensional advance
from which the Lorentzian, Wick-rotated, Hamiltonian, wave, and Dirac structures are organized.

In this sense, the McGucken operator is not another operator in physics. D, is the source operator:

the infinitesimal generator of d x,/d t =i c, the operator form of the McGucken Principle, and the
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compact mathematical object through which the special, powerful, and unique character of the
principle becomes explicit.

The formal parallel result is stronger. In the operator-derivability preorder,

0<,,D,

<op
for the operators in the McGucken hierarchy, while

Dy%,,0

for the standard downstream operators O unless the McGucken primitive signature is added back into
them. The Hamiltonian, momentum operator, d’ Alembertian, Wick derivative, Dirac operator, gauge
derivative, and operator algebra all express consequences, projections, quantizations, factorizations, or
covariantizations of the McGucken flow. None of them uniquely reconstructs the primitive fourth-
coordinate law d X,/ d t =i c. Therefore D,, is foundationally maximal in derivational power and

primitively minimal in assumptions:
C,, Dy|=1.

The McGucken operator is the simplest possible nontrivial source operator for the McGucken
hierarchy because D), is generated by a single primitive physical law and yet organizes the major

operator structures of relativistic and quantum physics.
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