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Abstract
The central theorem of the McGucken framework is the simultaneous space-operator generation
theorem:

9% _ic=m,,D,|

d t G~ M|

The primitive law d X,/d t =i c generates both the McGucken Space M ; and the McGucken

Operator D ;. This simultaneous generation of physical arena and physical operator is the central
structural novelty of the McGucken framework. Standard mathematical physics begins with a space
and then defines operators on it; the McGucken Principle generates the source-space and the source-
operator together. And there are more novel features:

McGucken Space is demonstrated to be unique as the simplest, most complete, and most foundational
physical space. McGucken Space is simplest by primitive-law count, most complete by derivational
reach, and unique by possession of the full primitive signature

[x4,t,i,¢,@,,Dy,2,,dx,/dt=ic}.

McGucken Space is not another arena in the inventory of physics. McGucken Space is the source-
space generated directly by the primitive physical law that the fourth dimension expands at the
velocity of light in a spherical manner, as stated by the McGucken Principle,

dx,
dt

ic.

This paper demonstrates that the McGucken Principle generates not only the McGucken Operator D
, but also the mathematical arenas in which the descendant operators reside.
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McGucken Space recognizes that the universe is not built first from passive space and then supplied
with operators, fields, metrics, bundles, Hilbert spaces, and algebras. McGucken Space captures and
formalizes the fact that founding physical reality itself is already spatial, operational, spherical, and
generative. The founding physical relation d x,/d t =i ¢ defines the source-space

M;=(E,,®,,Dy, 2/,
where E, is the four-coordinate carrier, @,, =X, —ic't is the McGucken constraint, D\, =0,+ic ax4
is the McGucken flow operator, and 2, is the spherical outgoing McGucken wavefront structure.

The central theorem is the space-operator co-generation theorem:

dx,
dt

=jic= (M ¢ D M) = spacetime, metric, Hilbert space, bundles, connections, Clifford structures, and opera

This theorem is the decisive strengthening of the framework. The McGucken Principle does not only
generate operators after a space has been assumed. It generates the source-space and source-operator
together.

McGucken Space occupies a structural position that standard physical spaces do not occupy. All
standard mathematical spaces in physics, including Lorentzian spacetime, phase space, Hilbert space,
spinor space, gauge-bundle space, Fock space, and operator algebra, function as arenas for already-
formulated events, states, fields, symmetries, or observables. McGucken Space acts at the threshold

where the fourth-coordinate postulate d x,/d t =i ¢ becomes a source-space: a constraint, a flow, a

spherical propagation structure, a Lorentzian projection, a quantum amplitude arena, and ultimately a
generator of the spaces used throughout fundamental physics.

The McGucken Operator

Dy=0,+icd,,
does not act merely inside an already-given spacetime, Hilbert space, or field theory. D, acts in,
preserves, and generates the structured arena called McGucken Space. Standard physical spaces,
including Lorentzian spacetime, configuration space, phase space, Hilbert space, spinor space, gauge-
bundle space, Fock space, and operator algebras, are compared to McGucken Space and classified as

constraint surfaces, projections, bundles, function spaces, representation spaces, state spaces, or
quantized descendants of the McGucken arena.

The Lorentzian spacetime M, ; is identified as the constraint/projection
~d 1
M 1,3=*Mm [OJ s

while Hilbert space is not treated as a literal subset of spacetime but as a complex inner-product state
space of square-integrable sections over the derived spacetime:

H=L*(M, ,Joo H=T.[E -~ M, ).
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The metric is derived because d X,=icdt gives d xi: —c*dt*. The quantum arena is derived

because the primitive law contains i, supports complex amplitudes, and leads to Hilbert completion.
The gauge arena is derived by covariantizing the source flow. The Clifford arena is derived by
factorizing the induced Lorentzian wave operator. The operator algebra is derived from quantized and
covariantized descendants.

The paper then examines how the quantum formalism can be derived from the McGucken Principle.
Following the chain of results presented in “Quantum Mechanics Derived from the McGucken
Principle,” the emergence of complex wavefunctions, superposition, momentum operators, canonical
commutators, the Schrodinger equation, the Born rule, path integrals, spinors, and Fock space is
organized as a sequence of projections and representations of McGucken Space. The result is a formal
hierarchy: McGucken Space is the generative space; Lorentzian spacetime is its constraint projection;
field bundles live over that spacetime; Hilbert spaces are state spaces of fields over it; and quantum
operators are infinitesimal generators of symmetries inherited from the McGucken flow.

The central principle is the McGucken Universal Derivability Principle: every mathematical space
that plays a physically meaningful role in fundamental physics is derived from McGucken Space by a
finite sequence of admissible physical-space operations, including constraint, projection, slicing,
bundle formation, cotangent lift, representation, complexification, quantization, tensoring, Fock
completion, operator-algebra construction, and Hilbert completion. Thus Hilbert space is not added as
an independent axiom but is the completed complex inner-product state space naturally associated
with wave amplitudes over McGucken-derived spacetime.

The paper further proves, relative to the definitions adopted here, that McGucken Space is the most
foundational physical space. In the derivability order, every standard physical space lies below M,
while M ; cannot be derived from any one of them without reintroducing its primitive data: the fourth
coordinate X,, the universal expansion law d X,/ d t =i ¢, the McGucken constraint @,,=x,—ict,

the McGucken flow operator D, and the spherical propagation structure 2 ,,. It is also shown to be

the simplest possible physical source-space in this framework, because it is generated by a single
primitive physical law whose closure yields spacetime, quantum state space, field bundles, and
operator algebras.

The reason for this unprecedented derivational power is that McGucken Space is based on
foundational physical reality rather than abstract mathematical convenience: the McGucken Symmetry
d x,/dt=ic, presented as the “father symmetry” from which principal physical symmetries descend,

and the McGucken Sphere, presented as spacetime’s foundational atom and as the elementary null-
spherical unit from which spacetime, propagation, and quantum structures are built ([1], [2]). In this
interpretation, the spaces derived below are powerful because they are mathematically useful;
McGucken Space is more powerful because it encodes the physical source from which those useful
spaces arise.

Keywords

McGucken Space; Hilbert space; phase space; configuration space; Lorentzian spacetime; McGucken
Principle; d X,/ d t =i ¢; McGucken operator; quantum mechanics; Born rule; Schrodinger equation;
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Dirac equation; gauge bundle; spinor space; Fock space; operator algebra; path integral; mathematical
foundations of physics.
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The McGucken Space Mg: The Source Space

Comparative Summary: Why McGucken Space Is Simplest, Most

Complete, and Unique

McGucken Space is simplest, most complete, and unique in the following precise comparative sense.

Criterion

McGucken Space

MG:(E4’(DM’DM’ZM)

Standard downstream spaces

Founding law

Primitive data

Simplicity

Completeness

Arena status
Operator relation

Metric relation

Quantum relation

Gauge relation
Clifford relation

Uniqueness

Generated by one primitive physical law:
dx,/dt=ic

Contains
X,,t,i,c,®,,,D, .2, ,dx,/

One source law plus its constraint, flow,
and spherical wavefront closure

Generates the principal spaces of relativity,
quantum mechanics, gauge theory, spinor
theory, and operator algebra

Source-space from which other arenas
descend

- i =0.+i
Co-generated with DM 6t 1C aXA

Produces Lorentzian signature by

2 2 2
dx,=—-c°dt
Supplies complex phase through [ in the
primitive law

Supports covariantization of the source flow
Induces Lorentzian wave structure whose
square roots generate spinor operators
Simultaneously generates source-space and
source-operator from one law

Defined only after an arena, metric, state
formalism, field theory, bundle, or algebraic
representation is supplied

Contains only a sector of the physical
structure

Multiple prior assumptions: spacetime,
metric, Hilbert space, bundle, connection,
Hamiltonian, Clifford structure, or algebra
Captures one arena: events, classical states,
quantum states, spinors, gauge fields,
particles, or observables

Downstream arena used after the physical
structure is already partially specified
Receives operators defined after the space
is assumed

Begins by assuming a metric or signature

Begins by assuming complex Hilbert space

Begins by assuming bundle and connection
Begins by assuming Clifford algebra and
spinor bundle

Standard spaces do not generate their own
founding physical law and full descendant
hierarchy

The following table states how standard physical spaces are descendants of McGucken Space.

Standard downstream

space Standard role

Required assumptions
normally supplied first

Derivation from
McGucken Space

Missing primitive
signature if taken alone

Lorentzian spacetime Event arena

Time coordinate, spatial
coordinates, metric
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Standard downstream
space
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Standard role

Required assumptions
normally supplied first

Derivation from
McGucken Space

Missing primitive
signature if taken alone

M, ;

Metric space

Configuration space Q

Phase space T'° Q

Hilbert space

Spinor space

Gauge-bundle space

Fock space [ ( H )

Operator algebra A

Distance and causal
arena

Classical positional
arena

Classical state arena

Quantum state arena

Fermionic representation
arena

Interaction arena

Variable-particle-
number arena

Observables and
transformations

signature

Metric tensor or interval

System degrees of
freedom over time

Configuration space plus
momenta

Complex vector space,
inner product,
completion

Clifford algebra and spin
representation

Base manifold, fiber,
structure group,
connection

One-particle Hilbert
space and tensor
construction

Hilbert representation or
algebraic quantum
framework

@, =x,—ict=0
dx,=icdt=dx

Configurations over
McGucken-derived
spatial slices

Cotangent lift of
McGucken-derived
configuration space
Complex amplitude
space over McGucken-
derived spacetime plus
Born inner product and
completion

Clifford representation
of the McGucken-
induced Lorentzian
structure

Bundle construction and
covariantization over
McGucken-derived
spacetime

Fock completion of
McGucken-derived
Hilbert space

Algebra generated by
quantized and
covariantized
descendants

and ZM

Lacks fourth-coordinate
expansion mechanism
Lacks X4—ﬂ0w and
spherical source
structure

Lacks primitive complex
fourth-coordinate
relation

Lacks source-space and
source-law by itself

Lacks X, = ict
origin of signature
Lacks selected

McGucken flow
direction

Lacks primitive source
data

Lacks (DM’ DM’ and

dx,/dt=ic

Therefore McGucken Space is not another mathematical setting. McGucken Space is simplest by
primitive-law count, most complete by derivational reach, and unique by possession of the full
primitive signature from which the hierarchy of physical spaces is generated.

Space-Operator Co-Generation Theorem

The McGucken Principle d X,/ d t =i ¢ generates not only the spaces of physics and not only the

operators of physics. It generates the source-space and the source-operator together.

dx,
dt

=ic=(Mg,D,,).

This is the essential structural difference between McGucken Space and standard spaces. Standard
spaces receive operators after the arena is assumed. McGucken Space and the McGucken Operator
arise from the same primitive physical law.

Theorem 0.1 (space-operator co-generation theorem). The McGucken Principle generates the

McGucken Space M and the McGucken Operator D, as a single source space-operator pair:

dx,
dt

=ic=(Mg,D,,|.

Proof. The McGucken Principle integrates to
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x,=ict+C.
With the source-origin convention C =0, this gives
x,=ict.
Define the McGucken constraint
D,=x,-ict.

The zero set D, =0 gives the McGucken constraint structure, and together with the four-coordinate

carrier E, and spherical propagation structure X, it defines the McGucken Space

MG:(E4’¢)M’DM’ZM)'

The tangent derivative along the same primitive flow is

d . dx,
L=
dt(JM f+ dt

9, =d+icd, .

Thus

Dy=0,+ic0,,.
The same physical law therefore generates the source-space and the source-operator. =

Corollary 0.2 (arena derivation corollary). The prior assumptions normally required by standard
physical operators are derived from the McGucken source pair:

\M;,Dy|=(M,,,g,H,E~M,V,CIIM|,A}.

Proof. Lorentzian spacetime is obtained by @,,=0. The metric signature follows from

d Xi =licd t)Z =-c’dt’. Hilbert space follows by forming complex amplitude spaces over

McGucken-derived spacetime, equipping them with the Born inner product, and completing them.
Bundles arise as field and internal-symmetry structures over the derived spacetime. Connections arise
by covariantizing the McGucken flow. Clifford structures arise by factorizing the induced Lorentzian
wave operator. Operator algebras arise from quantized and covariantized descendants. Therefore the
standard prior assumptions are descendants of the McGucken source pair. =

Unprecedented Structural Position

McGucken Space is unprecedented because it is not a space alone on which physics is written. It is the
space generated by the same law that generates the foundational operator. This means the McGucken
framework does not follow the standard sequence

space — operator — dynamics.
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It follows the source sequence
primitive physical law — source-space/source-operator pair — standard spaces, operators, and dynamics.

The following comparison states the difference exactly.

Structure Standard mathematical physics McGucken framework
Starting point A manifold, metric, Hilbert space, bundle, The primitive law dx /d t=icis
algebra, or action is supplied 4
supplied
Space Assumed first
Generated as M G
Operator Defined after the space
Co-generated as D M
Metric Chosen or postulated : —7
Derived from d X,=1cC dt
Complex quantum phase Built into Hilbert space Present in the primitive law through j
Wave propagation Imposed by field equations Generated through the spherical source
structure 2 M
Gauge covariance Added through bundle connection Obtained by covariantizing the source flow
Spinor structure Added through Clifford representation Obtained by factorizing the induced
Lorentzian wave operator
Operator algebra Built on a representation space Generated from descendants of the source
operator
Foundational status Fragmented among multiple arenas Unified in ( MG , DM)

This is why McGucken Space has greater structural reach than Hilbert space, phase space, spacetime,
spinor space, gauge-bundle space, or operator algebra taken separately. Each standard space captures
one completed arena. McGucken Space captures the generative physical mechanism from which those
arenas arise.

1. Introduction

The McGucken Space M is the source-space of physical mathematics. It is generated directly by the
McGucken Principle, which states that the fourth coordinate advances according to

dx, .
=IcC.
dt
With the initial condition X, |0]=0, this gives
x,=ict.

The associated McGucken operator is
Dy=0,+ico,, .
It is the directional derivative along the McGucken flow.

The question addressed in this paper is: what is the space in which this operator acts? If all standard
operators in physics act within an already-given spacetime, Hilbert space, phase space, or field bundle,
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then the McGucken operator suggests a different structure. It acts in the space in which the relation
X,=ICt is primitive. This space is here called McGucken Space.

The key conceptual distinction is:
Hilbert space is a state space; spacetime is an event space; phase space is a classical-state space; McGucken .

Hilbert space is not literally a subset of spacetime. Phase space is not literally a subset of Hilbert
space. Gauge bundles are not literally subsets of phase space. These spaces are related by
constructions: projection, bundle formation, cotangent lift, quantization, representation, completion,
and formation of state spaces. Therefore the correct claim is not that all spaces are simple subsets of
McGucken Space. The correct claim is:

Standard physical spaces are derived, projected, fibered, represented, or quantized from McGucken Space.
This paper develops that claim formally.

The strongest form of the claim is the following:

Every physically meaningful space in fundamental physics is derivable from McGucken Space.

This statement must be read in the precise derivational sense developed below. It does not mean that
Hilbert space, phase space, Fock space, or gauge-bundle space is literally contained in McGucken
Space as an ordinary subset. It means that each is generated from McGucken Space by a physically
interpretable mathematical construction.

2. Status Convention

The paper distinguishes the following kinds of statements:

Label Meaning

Definition A stipulated mathematical object used in the framework.
Theorem A result directly derived in the paper from stated assumptions.
Corollary An immediate consequence of a theorem.

Principle An extension requiring further analytic, physical, or experimental

development.

Representation Statement A statement that one space represents states, fields, or operators
over another space rather than being a literal subset.

This distinction is essential. Some relations are literal inclusions, such as a constraint surface inside a
larger arena. Others are not inclusions but constructions. For example, a Hilbert space is generally a
complete complex inner-product vector space used to represent quantum states; in quantum
mechanics, quantum states are represented by vectors in Hilbert space ([3], [4]). It is therefore more
precise to treat Hilbert space as a state representation over a derived spacetime than as a literal subset
of that spacetime.
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3. Definition of McGucken Space

3.1 Coordinate carrier
Let
E,
be a four-coordinate Euclidean carrier with coordinates
Xy, Xy, Xq,Xy).

The first three coordinates describe ordinary spatial extension. The fourth coordinate X, is
distinguished by the McGucken Principle:

dx,

ic.
dt

3.2 Constraint

Define the McGucken constraint function
(I)M(t,x4):x4— ict.
The McGucken constraint surface is
— g1 — v —1 1
Cu=0, (0|=((t,x,]:x,=ict].

3.3 Flow operator

Define the McGucken flow operator
Dy=0,+ico,,.
It satisfies
D, ®,=0.
Thus D, is tangent to the McGucken constraint surface.
3.4 Spherical propagation structure

Let X M( p, t) denote the McGucken spherical wavefront generated from an event p after parameter

interval t:

. \p,tI=lq:dist(p,q|=ct}.
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This encodes the Huygens-type spherical propagation channel emphasized in the linked article
“Quantum Mechanics Derived from the McGucken Principle,” where the McGucken Sphere is the
wavefront channel of the framework ([5]).

3.5 Full definition
Definition 3.1 (McGucken Space). McGucken Space is the structured arena

MG:(E4’CDM’DM’ZM

where:
Component Formula Meaning
Coordinate carrier E Four-coordinate arena
4
Constraint — —3 Defines the McGucken hypersurface
D, =x,—Iict
Flow operator — ; Generates fourth-dimensional advance
Dy=0.+icd,
Spherical structure ¥ ( t ) Encodes outgoing Huygens/McGucken
M\D> wavefronts

Thus McGucken Space is not a set alone. It is a structured space-plus-law.

4. Lorentzian Spacetime as a Projection of McGucken Space
The four-coordinate Euclidean interval is
dO=dx+dx;+d x>+d x5,
On the McGucken constraint surface,
dx,=icdt.
Therefore
dxiZ(icdt)zz— c’dt’,
Substituting into (13) gives
d’=dx}+dx;+dxi-cd¢t’.
This is the Lorentzian interval in the sign convention with positive spatial part.

Theorem 4.1 (Spacetime projection theorem). The McGucken constraint X, =1 Ct projects the four-

coordinate carrier E, to Lorentzian spacetime M ; 3:

M, ,=®,/(0]

with induced interval
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de’=dx’-c*dt’.

Proof. The proof is the substitution (14)—(16). ©

Thus spacetime is a literal constraint/projection of McGucken Space.

5. Taxonomy of Spaces

The following table gives the principal spaces used in physics and their relation to McGucken Space.

Space

Symbol

Standard definition

What lives there

Relation to McGucken
Space

Euclidean carrier
McGucken Space
McGucken constraint
surface

Lorentzian spacetime

Spatial slice
Configuration space

Phase space

Covariant phase space

Hilbert space

Spinor bundle

Gauge bundle

Fock space

Operator algebra

E,

O =<

=

H O M
Q

T

Four-coordinate
positive-signature arena

|E,, @y, Dy, 2y
@, 0]

Smooth Lorentzian
event manifold

Constant-time
hypersurface

Space of generalized
positions

Cotangent bundle of
positions and momenta

Space of solutions
modulo gauge

Complete complex
inner-product vector
space

Clifford representation
bundle

Principal fiber bundle
with connection

Direct sum of many-
particle Hilbert sectors

Algebra of
observables/operators

Coordinates
X1,Xy,X3,Xy

Constraint, flow,
spherical propagation
Events satisfying
x,=ict

Events, worldlines, light
cones

Simultaneous spatial
configurations

Classical positions or
field configurations

Classical states (q s pj

Classical field histories

Quantum states
Spinor fields

Gauge fields and parallel
transport

Variable-particle-
number states

Observables,
symmetries, generators

Carrier component of
M,

Generative structured
arena

Literal subset/constraint
surface

Projection/identification

ofCM

Slice ofM1’3

Built over Z[ or Ml 3

Cotangent lift of a
derived configuration
space

Solution space of actions

over Ml 3

State space of
wavefunctions/sections
over derived spacetime
Representation bundle
over derived Lorentzian
spacetime

Fibered internal
symmetry space over
derived spacetime
Quantized many-body
construction over Hilbert
space

Quantized generator
algebra descending from

D M and symmetries

This table clarifies the main point: only some spaces are subsets. Others are projections, completions,

bundles, or representation spaces.

6. Subset, Projection, Bundle, and Representation Relations

The relationships can be summarized as follows.

Relation type

Mathematical form

Example

McGucken interpretation

Literal subset

ACB

c,CE,
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Relation type Mathematical form Example McGucken interpretation
Projection . Physical spacetime is the
n:A - B C M ysical sp 4
- M= 1.3 projected McGucken constraint
Slice >CM Constant-time space Spatial configurations arise
t 1,3 after projection
Cotangent lift Ti' Q Phase space Classical states arise from
positions plus momenta
Function space LZ ( M) Scalar quantum Hilbert space Quantum states are square-
integrable functions over
derived spacetime/slices
Section space T ( E o M) Fields and spinors Fields are sections of bundles
/ over McGucken-derived
spacetime
Fiber bundle P_M Gauge theory Internal symmetry fibers attach
to each spacetime point
Representation . [ ) Spinor/gauge representations Symmetry groups act on fibers
p: G - Aut (V or state spaces
uantization T Classical observable to operator ~ McGucken symmetries become
- P Y!
f f quantum operators
Completion V o V =H Pre-Hilbert space to Hilbert Wave amplitudes become

space

Therefore the disciplined formulation is:

but

complete quantum state space

M, ,is a projection/constraint of M ;,

H is a Hilbert representation over M, ;,not a literal subset of M ;.

7. Comparison of McGucken Space with Hilbert Space

A Hilbert space is a real or complex inner-product space that is complete with respect to the metric
induced by the inner product ([3]). In quantum mechanics, the state of a physical system is represented
by a vector in a Hilbert space, usually a complex vector space with inner product ([6], [7]).

McGucken Space is different. It is not primarily a vector space of states. It is a geometric-generative

space:
MG: E4’(DM’DM’ZM'
Feature McGucken Space MG Hilbert Space
Type Structured geometric-generative arena Complete complex inner-product vector

Primitive element

Main structure

What lives there
Operator role
Relation to spacetime

Probability

Fourth-coordinate advance

dx,/dt=ic
Constraint @M, flow DM’ sphere ZM

Events, flow, constraint, wavefront
structure

D M generates fourth-dimensional advance

Generates/projectively yields M 13

Spherical/wavefront and Born-rule structure
derived downstream
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Inner product ( (l[ vV ¢ ) norm,
completeness
Quantum states

Operators represent observables and
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Feature McGucken Space M G Hilbert Space [{
amplitudes

Status in the hierarchy Foundational/generative Derived state representation

The essential relation is:
Mg~ M, ,~H.
More explicitly:
®,=0 fields/wavefunctions  inner product + completion
M, -~ M,, - V - H.

8. Comparison of McGucken Space with Phase Space

Phase space is the space of all possible physical states of a system under a given parameterization; in
classical mechanics it is built from positions and momenta, with each state corresponding to a point in
phase space ([8]). More geometrically, if QQ is configuration space, phase space is the cotangent
bundle

T°Q.

McGucken Space is prior to this construction. A configuration space Q is normally built from possible
spatial positions or field configurations. In the McGucken hierarchy, these positions or fields live over
the Lorentzian spacetime obtained from M . Thus:

Ms-M, ,-Q-TQ.

Feature McGucken Space Phase Space

Basic object —
x,=ict,D,. 2, (q,p]

Physical role Generates spacetime and quantum Encodes classical states
structures

Geometry Constraint-flow geometry Symplectic/cotangent geometry

Hamiltonian vector field generates classical
evolution

erator relation L
Op D M 18 primitive generator

Relation Foundational arena Classical-state construction over a derived
configuration space

9. Comparison with Gauge-Bundle and Spinor Spaces

Gauge fields in modern physics are naturally described using fiber bundles and connections;
expositions of fiber bundles in physics emphasize that gauge fields are globally connections on
principal bundles rather than merely local differential forms ([9], [10]).

In the McGucken framework, the base space of such bundles is not primitive. The base is the
McGucken-derived Lorentzian spacetime:

P-M,,.

The gauge-covariant McGucken operator is
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Dy=V+icV, .

Dy=0+icd, +A+icA,.

Thus the McGucken flow selects the connection component

A =A+icA,.

Spinor spaces similarly arise after Lorentzian Clifford structure is generated. Once the McGucken

projection yields

the construction introduces gamma matrices satisfying
oV _ Hv

The spinor bundle S - M, ; is then a representation bundle over the derived spacetime.

Space Base Fiber McGucken relation
Spinor bundle M 13 Clifford module S X Represents square roots of [] M
Gauge bundle M1 3 Internal symmetry group (G Covariantizes 1D M 8 Dﬁ
Tangent bundle M Tangent vectors T M Carries local spacetime
1,3 X directions induced by
®,,=0
Cotangent bundle M. .o Q Covectors/momenta Classical momenta and phase
1,3 space arise here
Hilbert bundle Parameter/base manifold Hilbert fibers Quantum state spaces vary over

10. Operator Comparison Table

backgrounds or parameters

The McGucken operator can be compared to the principal operators of physics as follows.

Operator Formula Space it acts on What it assumes What it generates McGucken relation
McGucken operator DM — at +ic ax McGucken Space d X, / dt=ic Fourth-dimensional ~ Primitive generator
advance
Quantum AT — s McGucken-derived ~ Quantum lift 7 _ A Bridge to Hilbert
McGucken operator M =1 h D M state space H Lc p 4 operators
constraint
Momentum i‘) =—i h v Hilbert space over Spatial translation Momentum Descendant
space symmetry spectrum translation
generator
Hamiltonian H =i h 0 Hilbert space Time parameter Time evolution Is contained inside
= . o~
M
Laplacian 2 2 Euclidean carrier Euclidean metric Harmonic/diffusion ;
= Projects to
AA v + ax 4 structure ) DM
d’Alembertian 0. = vZ - 2 Lorentzian McGucken Relativistic waves Induced operator
M spacetime projection
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Operator Formula Space it acts on What it assumes What it generates McGucken relation
Schrodinger i h a _ ﬁ Hilbert space Quantum state Unitary dynamics Derived from
operator t vector McGucken
quantum chain
Dirac operator i H D -m Spinor sections Clifford structure Fermion Square root of
)4 I propagation induced wave
operator
Gauge-covariant — Bundle sections Gauge bundle Parallel transport A _ .
derivative V,=0,+A, Dy =V +icV
Noether generator X Action/field space Continuous Conserved current D, is fourth-
symmetry M

advance generator

11. Deriving Quantum Space from McGucken Space

The linked article argues that quantum mechanics is derivable as a chain of theorems from the
McGucken Principle. Its theorem chain includes the wave equation from Huygens propagation, de
Broglie relation, Planck-Einstein relation, Compton coupling, rest-mass phase, wave-particle duality,
Schrodinger equation, Klein-Gordon equation, Dirac equation, canonical commutator, Born rule,
Heisenberg uncertainty, path integral, gauge phase, entanglement, measurement, second quantization,
and Feynman diagrams ([5]).

The key claim for the present paper is that Hilbert space emerges when the McGucken wavefront
structure is converted into a complex linear probability-amplitude space.

The derivation can be organized as:

Step McGucken input Quantum output Space generated
1 X,= ict Complex phase | Complex amplitudes
2 Spherical McGucken wavefront  Wave propagation and Linear pre-state space }/
superposition
Zy perp
3 Compton/rest phase Oscillatory quantum phase Complex wavefunctions
—imc’t/h
4 Translation symmetry p=- i h v Operator representation on
wavefunctions
5 Time evolution H=i h at Dynamical operator structure
6 McGucken derivative M — ﬁ —ic f)4 Quantum constraint operator
7 Spherical probability/Haar p= | )2 Inner-product probability
measure - ‘1”
8 Inner product ( w Vi (p ) Pre-Hilbert space
9 Completion V Hilbert space [
10 Multi-particle extension Tensor pr_oducts/Fock Fock space ( H)
construction
Thus:

M, - complex amplitudes — inner-product pre-Hilbert space — H .
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12. Formal Chain from McGucken Principle to Hilbert Space

12.1 Complex amplitudes
The McGucken Principle contains i:

dx, .
=ic.
dt

Thus the natural amplitude structure is complex rather than purely real. Plane waves take the form
ilk-x-wt|

Wlx,tl=e

In the linked theorem chain, the same i is identified as the factor appearing in Schrodinger evolution,
commutators, the Dirac equation, and path-integral phases ([5]).

12.2 Linear superposition

The spherical wavefront channel X', supports superposition. If {/; and Y/, are possible wavefront
amplitudes, then

y=ay,+by,
is also a possible amplitude in the linear wave regime. This supplies the vector-space structure.
12.3 Inner product

The Born-rule structure provides the quadratic probability density:

Plx|=lw(x|]'=u'(x]y(x).
The corresponding inner product is

(wve)=[y'lx|plx|d’x.
This turns the vector space of amplitudes into a pre-Hilbert space.

12.4 Completion

Completing the pre-Hilbert space under the norm

lylP=(wvy)

gives a Hilbert space:
g=y!

For a scalar nonrelativistic particle on a spatial slice,
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H=IL*R*,d’x).
More generally, for fields or spinors over a McGucken-derived spacetime,
H=T_.[E-M, |

Theorem 12.1 (Hilbert-space emergence theorem). [f McGucken Space supplies complex
amplitudes through i, linear superposition through spherical wavefront propagation, and the Born
inner product through quadratic probability, then the quantum state space is the Hilbert completion of
the resulting pre-Hilbert amplitude space:

H=V"",

Proof. The McGucken phase supplies complex-valued amplitudes. Linear wavefront superposition

supplies vector addition and scalar multiplication. The Born density P = ‘ (p)2 supplies a positive

quadratic norm via ||y [|*= ) |y . Polarization gives the inner product ( yvo)=[ Lp[' ¢. Completing

this normed inner-product space gives a Hilbert space by definition. o

13. Deriving Operators on Hilbert Space

Once Hilbert space is obtained, operators arise as generators of transformations inherited from
McGucken-derived geometry.

13.1 Momentum
Spatial translations act on wavefunctions by
[Ulaly)x|=y(x-al.
The infinitesimal generator is
p=—ihV.

This matches the linked article’s theorem chain, where the canonical commutator follows by the
Hamiltonian route through translation invariance and the operator p=—ih V ([5]).

13.2 Hamiltonian

Time translations act by

The generator is
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13.3 McGucken quantum operator
The McGucken flow operator lifts to
M=ihD,,.
Since
D,=0d+ico,,
and
H=iho, p,=-ihd,,
one obtains
M=H-icp,.
Thus the quantum operator algebra contains the McGucken constraint as a generator relation.
13.4 Canonical commutator
For
q=x,p=-iha,,
one computes
Q.ply=x(-ihd,y|-[-ihd |[xy|=ihy.
Therefore
q,pl=ih.
14. Quantum Derivation Table from the Linked McGucken Article

The linked article presents a 23-theorem chain. The following table reorganizes that chain around
space generation.

Theorem cluster McGucken mechanism Quantum result Space/operator produced

Wave equation Spherical X , expansion / O w =0 Wave solution space
Huygens

de Broglie and Planck-Einstein Cyclic X ;-phase/action p= h k.E= h ) Momentum/energy spectral

variables

Compton/rest phase 2 I —imc’t/h Complex phase space of
mc /h oscillation (/J ~e amplitudes

Schrodinger Compton factorization / . 17 Hilbert-space dynamics
nonrelativistic limit I h at 11[] =H 11[]

Klein-Gordon Mass-shell wave equation [ 2 2 2 Relativistic scalar solution

K (D_m C/h)WZO space
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Theorem cluster McGucken mechanism Quantum result Space/operator produced
Dirac Clifford square root . Spinor bundle sections
a (1 y'D, - m) Y=0 P
I
Canonical commutator Translation generators —_ Operator algebra
: \q,p|=ih perdtor e

Born rule Complex amplitude + quadratic _ | )2 Inner-product probability space

norm + spherical measure P= 11[]
Path integral Sum over McGucken Sphere [ iS/h History/path space

chains f D X) e
Gauge phase X 4-phase origin freedom U ( 1) gauge Gauge-bundle structure
Entanglement/nonlocality Shared X 4-coupling Nonlocal correlations Tensor-product state space
Second quantization Spin/statistics and field modes Fock space F ( H ]
Feynman diagrams Iterated Huygens with Diagrammatic perturbation Operator/path-integral

interactions theory expansion

15. McGucken Universal Derivability Principle

The preceding sections motivate a general principle that extends the Hilbert-space derivation to all
major mathematical arenas of physics.

Principle 15.1 (McGucken Universal Derivability Principle). Let P h y s S p a c e denote the class
of mathematical spaces that function as physically meaningful arenas in fundamental physics,
including event spaces, state spaces, phase spaces, Hilbert spaces, fiber spaces, spinor spaces, gauge-
bundle spaces, path spaces, Fock spaces, moduli spaces, and operator-algebra spaces. Then every

X €PhysS pace is derivable from McGucken Space:

X € Der(M|.
Here Der (M G) denotes the derivational closure of M ; under admissible physical-space operations:

Der( M G) =( M constraint , projection, slicing , bundle formation , section formation , cotangent lift,comple>

This principle is the paper’s strongest formal principle. It says that McGucken Space is not one more
space in the inventory of physics. It is the generating source whose derivational closure contains the
spaces used by relativity, classical mechanics, quantum mechanics, quantum field theory, gauge
theory, and operator algebraic physics.

Theorem 15.2 (Hilbert-space derivability). Hilbert space is derivable from McGucken Space:

H € Der (M.

Proof. From M G:(E 05 DPy>Dyy 2 M), impose @, =0 to obtain the Lorentzian spacetime
projection M, 3. Over M, 3, form the complex amplitude space of McGucken wavefront solutions.

The presence of i in d X,/ d t =i ¢ supplies complex phase, while X ,; supplies spherical wavefront
propagation and superposition. The Born rule supplies the positive quadratic norm

lylP=flyl du,
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and the associated inner product

Completing the resulting complex inner-product space gives H. Therefore H € Der (M G

(W, 0)=[y'dpdp.
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a

Corollary 15.3 (standard quantum arenas are McGucken-derived). If Hilbert space is McGucken-

derived, then the operator algebra A C B|H |, tensor-product spaces H , ® H 5, and Fock space

F|H | are also McGucken-derived.

Proof. Each is obtained from H by admissible operations included in Der (M G): operator-algebra

formation, tensor product, and Fock construction. o

The following table states the principle in concrete physical terms.

Physical space

Standard role

Derivation from McGucken Space

Lorentzian spacetime M 13

Light-cone/null space
Configuration space Q

Phase space TL" Q

Solution space
Hilbert space H
Spinor space

Gauge-bundle space

Path/history space
Tensor-product space

Fock space [ (H)

Operator algebra A

Moduli/parameter space

The principle is summarized as:

Event arena of relativity
Causal propagation structure

Classical positional state space

Classical position-momentum arena

Space of field/wave solutions
Quantum state space
Fermionic representation space

Internal interaction arena

Path-integral arena

Composite-system state space
Variable-particle-number quantum state
space

Algebra of observables and transformations

Space of physically distinct structures

PhysSpaceC Der(M|.

Constraint/projection 0} M= 0

Null structure induced by X 4 = ict

Configurations over McGucken-derived
spatial slices

Cotangent lift of configuration space

Kernel/eigenspace of McGucken-induced
wave operators

Complex amplitude space plus Born inner
product plus completion

Clifford representation of McGucken-
induced Lorentzian structure

Fiber-bundle construction over M 13
with phase freedom inherited from X 4

Chains of McGucken spherical wavefront
propagations

Tensoring of McGucken-derived Hilbert
spaces

Fock completion of McGucken-derived
one-particle Hilbert space

Operators generated on McGucken-derived
Hilbert space

Quotient of McGucken-derived fields or
bundles by equivalence/gauge symmetry

This is not a claim of naive set-theoretic containment. It is a claim of derivational containment: the
spaces of physics are contained in the generative closure of McGucken Space.

Theorem 15.4 (source law generates spaces and their resident operators). The McGucken

Principle d x,/d t =i ¢ generates not only the operator hierarchy but also the spaces in which those

operators reside:
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dx,
dt

=ic=Der(M;,Dy,|2(M,,,9,H,E - M,V,CI[M],A}.

Proof. The primitive law first gives X,=1Ct, hence @, =X, —ict=0. This defines the McGucken
source-space structure M . The same law gives the tangent flow operator Dy, =0,+ic axA. The
constraint @,, =0 gives Lorentzian spacetime M, ;. Substitution d Xx,=icdt gives d Xi =-c’dt’,
hence the Lorentzian metric signature g. Field spaces are sections of bundles over M, ;. Hilbert space
is obtained by forming complex amplitude spaces over M 3, equipping them with the Born inner
product, and completing them. Connections arise from the covariantization of the McGucken flow,
D, Dfd =V,+ic VXA. Clifford structure arises by factorizing the McGucken-induced Lorentzian

wave operator. Operator algebras arise from quantized, covariantized, and represented descendants of
D ;. Therefore the source law generates both the resident operators and the spaces in which they
reside. ©

Corollary 15.5 (standard prior-assumption reversal). The structures normally treated as prior
assumptions in mathematical physics are downstream in the McGucken hierarchy:

spacetime, metric, Hilbert space, bundle, connection, Hamiltonian, Clifford structure, operator algebra <M.

Proof. Each listed structure is present in the derivation of Theorem 15.4. Since each is obtained by an
admissible physical-space operation from M or from structures already derived from M, each is

below M in the derivability preorder. @

Corollary 15.6 (non-reversibility of downstream arenas). No single downstream space among
M 1.»9-H, E - M, V,Cl (M |, or A generates the full McGucken source-space without
reintroducing the primitive signature

[x4,t,i,¢,@,,Dy,2,,dx,/dt=ic}.

Proof. Lorentzian spacetime by itself does not specify the fourth-coordinate source law d x,/d t =i c.
A metric does not specify the spherical source structure 2 ). Hilbert space does not specify X,, @,

or the source flow D,,. A bundle does not specify the McGucken constraint. A connection does not

specify the primitive law from which the selected direction is obtained. A Clifford structure does not
specify the physical origin of the Lorentzian signature. An operator algebra does not specify the
source-space from which its represented operators descend. Therefore none of the downstream arenas

reconstructs M . without adding the McGucken primitive signature externally. o

The following table gives the proof in compressed form.

Usually prior assumption McGucken derivation Resident operator generated or supported

Spacetime M 1.3 (03] M—X4— ict=0 Tangent source operator D g and induced

spacetime derivatives

Metric g d Xi — ( icd t)Z —_ CZ d tz Lorentzian wave operator [_]

Page 22 of 40



The McGucken Space Mg: The Source Space

Usually prior assumption McGucken derivation Resident operator generated or supported
Hilbert space H Complex amplitudes over derived 7T 4 o
P spacetime plus Born inner product and H. D, Schrodinger operator
completion
Bundle E N M Field and internal-symmetry structures over Section operators and field operators
derived spacetime
Connection Covariantization of D M DI?/I — vt+i C vx
4
Hamiltonian [ Time-sector projection of i h DM Time-evolution generator
Clifford structure C | ( M) Factorization of induced Lorentzian wave Dirac-type operator
operator
Operator algebra A Algebra generated by quantized and Commutators and observables

covariantized descendants

The theorem is unique because it is a simultaneous derivation theorem. It derives more than an
equation inside a space: it derives the space, the operator, the metric signature, the quantum arena, the
gauge arena, the Clifford arena, and the algebraic arena from one primitive physical law.

16. Worked Examples of Space Derivation

This section demonstrates the Universal Derivability Principle by deriving several standard spaces
from McGucken Space. Each example begins with

M,=|E,,®,,D,,%,|,®,=x,~ict,D,=0,+ic0, .

The examples are not meant to exhaust the full theory. They show the common derivational pattern:
start with McGucken Space, impose its constraint, inherit its symmetry and phase structure, then build
the standard space by a physically meaningful mathematical operation.

16.1 Lorentzian spacetime
The most immediate derived space is ordinary relativistic spacetime.
Derivation. Begin with the McGucken constraint
D,=x,~ict=0.
Then
x,=ict.
The Euclidean four-coordinate quadratic form
dsi=dx’+dx;+dx:+d x;

becomes

dsi=dx;+dx;+dxi-cdt’.

Thus the Lorentzian interval is obtained from the McGucken substitution d X, =i c dt. The resulting

event space is
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M, ,=®,/(0].

Result. Lorentzian spacetime is the constraint/projection of McGucken Space.

Step Operation Result

! Start with I 4 Four-coordinate carrier

2 — —
Impose(DM—O X4—lCt

3 Lorentzian interval

. . 2
Substitute into  § 4

4 Interpret event coordinates M
1,3

16.2 Light-cone and null propagation space
The light cone is not imposed independently. It follows from the derived Lorentzian interval.

Derivation. From the McGucken-derived interval
ds’=dx’+d y’+dz°-c’dt’,

null propagation satisfies

ds’=0.
Therefore

dx’+d y’+dz’=c’dt’.

For radial propagation this gives

r=ct.
This is precisely the spherical wavefront structure 2, associated with McGucken propagation.

Result. The light cone is the null hypersurface induced by the McGucken constraint.

Space McGucken source Derived condition
Null cone X4:iCt d52:0
Spherical wavefront ZM r=ct

Causal boundary McGucken propagation at C rz = CZ t2

16.3 Configuration space

Configuration space is the space of possible positions or field configurations on a spatial slice.

Derivation. From McGucken Space derive M 3. Choose a time function t and a spatial hypersurface
Zt:{pEM1,3:t(p):t}'

For a single particle, the configuration space is
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Q==Z,.
For N distinguishable particles, it is
Qy=x..
For a classical field @, the configuration space is a space of sections or functions over 2 :
ineld:{q):zt -V

Result. Configuration space is derived from McGucken Space by spacetime projection followed by
spatial slicing and configuration formation.

Case Derived configuration space
One particle Q= Z[
N particles QN = Ziv
Scalar field ineld:{(pzzt_’R}
Complex wave amplitude Qw :{ y:x - C }
16.4 Phase space

Classical phase space is derived from configuration space by cotangent lift.

Derivation. Once Q is derived, define the cotangent bundle

T°Q=U T.Q.

q€Q
Its points are pairs
q.p,

where ¢ is configuration and p is conjugate momentum. Since QQ was derived from a McGucken-
derived spatial slice, T°Q is also McGucken-derived:

Mc-M, ;- 2,-Q-TQ.

Result. Phase space is not primitive. It is the cotangent construction over a McGucken-derived
configuration space.

Construction Meaning
Derive spacetime

M;- M, ,

M1 - Zt Choose spatial slice
Define configurations

b ¢ Q g

. .
Q N T Q Attach conjugate momenta
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16.5 Hilbert space

Hilbert space is the completed inner-product space of complex amplitudes over McGucken-derived
spacetime or spatial slices.

Derivation. From M ;, derive M, 5 and a spatial slice 2. Let V' be the vector space of complex

McGucken wave amplitudes on 2 :
V= [ l,[/ . Z[ -C } .

The factor i in d X,/ d t =i ¢ supplies the natural complex phase. The spherical propagation structure

2 ; supplies wavefront superposition. The Born rule supplies the positive quadratic norm:
2
ly 2= Jux)[ d*x.
2(

The corresponding inner product is

(p,0)=[ w'lx|¢(x)d’x.

Completing V in this norm gives
H=7"

Result. Hilbert space is the Hilbert completion of McGucken-derived complex amplitude space.

Ingredient McGucken origin
Complex amplitudes jin d X4/d t=ic
Propagating waves

pagating ZM
Spatial integration domain

2.CM,,;

Inner product Born quadratic norm
Hilbert space Completion of amplitude space

16.6 Spinor space

Spinor space is derived by taking the Clifford representation of the McGucken-induced Lorentzian
structure.

Derivation. From the McGucken interval obtain the Lorentzian metric 17,,,. Define gamma matrices

satisfying

uv

ly",y"1=2n

The representation space on which the y* act is the spinor space S. Over spacetime this forms a spinor
bundle
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S M,,.

B

Spinor fields are sections:
YET(S - M, 5.

Result. Spinor space is a representation space of the Clifford algebra induced by the McGucken-
derived Lorentzian metric.

Step Operation Result
1 Derive M 1.3 Lorentzian metric
2 Form Clifford algebra BV uv
y",y"1=2n
3 Choose representation Spinor space S
4 Fiber over spacetime :
P Spinor bundle S — M1,3

16.7 Gauge-bundle space

Gauge-bundle space is derived by attaching internal phase or symmetry fibers over McGucken-
derived spacetime.

Derivation. The McGucken Principle contains an intrinsic phase structure through X,=ict. A local

phase transformation of a complex amplitude may be written
W(X)Heianlw(X).
To compare phases at neighboring points in M 5, introduce a connection A, and covariant derivative
D,=0,+iA,.
This is geometrically represented by a principal bundle
P-M,,
with associated vector bundles for matter fields.

Result. Gauge-bundle space is derived by allowing local phase freedom over McGucken-derived
spacetime.

Object Derivation
Base space ~ L
M 1,37 (D M LO)
Phase fiber X 4-phase freedom
Connection Rule for comparing phase across spacetime
Gauge bundle
P-M,,
Matter bundle Associated vector bundle
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16.8 Path and history space
Path space is derived from sequences of McGucken wavefront propagation.
Derivation. A path is a map
vt - M, .
The space of all such paths is
Plq,,q;|=ly:y(t|=q,v[t|=q,).

In the McGucken picture, each infinitesimal propagation step is constrained by the spherical
wavefront structure r =c dt. A path integral then sums over chains of such propagations:

K(qf’tf;qi;ti): f eiSIy‘thy.

Plq;,q;)

Result. Path space is the space of histories assembled from McGucken-derived propagation steps.

Standard path-integral object McGucken interpretation

Path y Chain of allowed propagation events

Measure [) 1% Sum over possible chains

Phase ei S/h Action phase from McGucken complex structure
Propagator Accumulated McGucken wavefront amplitude

16.9 Fock space
Fock space is derived from Hilbert space by allowing variable excitation number.

Derivation. Once H is derived, define
FlH|=®_,H®".
For bosons one takes the symmetric tensor powers:
FB[H)ZEB::OSymn(HJ-
For fermions one takes the antisymmetric tensor powers:
FF(H‘]:GB:O:O An(H)-

Result. Fock space is the tensor-completion of McGucken-derived Hilbert space.

Space Construction from Physical role
H One-particle Hilbert space Single excitation
H ®n N-fold tensor product N-particle sector
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Space Construction from Physical role
FB ( H ) Symmetric tensor sum Bosonic field space
FF ( H] Exterior tensor sum Fermionic field space

16.10 Operator-algebra space
Operator algebras are derived once the Hilbert space of states has been derived.

Derivation. From the McGucken-derived Hilbert space H, form the algebra of bounded linear
operators

B(H/.
Physical observables are represented by suitable self-adjoint operators
A=A",
The McGucken flow operator induces the quantum operator
M=ihD,,
while spacetime translations induce
p,=-iho,.
Together these operators generate a physically meaningful subalgebra

A, CBIH].

Result. Operator-algebra space is derived from McGucken Space by first deriving Hilbert space and
then forming the algebra of transformations and observables acting on it.

Operator space Derivation
B (H ) All bounded operators on McGucken-derived [
Self-adjoint observables Physical measurement operators
]’V\[ =i h D Quantum McGucken generator
- M
A McGucken-generated observable algebra
M

16.11 Summary of examples
The examples above support the stronger form of the paper’s thesis:

The spaces of physics arise as descendants of McGucken Space under physically natural constructions.

Derived space Derivation chain

S ti -1 \

pacetime M- @,/ [0/ - M,

Light cone 2_
Mg~ M, ,—ds’=0
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Derived space Derivation chain

Configuration space MG N M1,3 N Zt N Q
Phase space MG - Q - TuQ

Hilbert space MG = MI,S -V S H
Spinor space MG_’rI,uv_’Cl(l’B]_)S
Gauge-bundle space MG N ]\4’1’3 > P S M1,3
Path space MG N ZM N P(qi’qf)
Fock space MG - H = F(H)

Operator algebra MG - H = B(H) - AM

These examples make the derivability principle concrete: the McGucken framework treats standard
mathematical spaces not as independent foundations, but as successive constructions generated from
the fourth-dimensional principle d X,/d t =i c.

17. Foundational Priority and Minimality of McGucken Space

The preceding results show that McGucken Space generates the familiar spaces of physics. The
stronger claim is proved: within the formal system adopted in this paper, McGucken Space is the most
foundational physical space. The reason is stronger than derivational breadth: none of the derived
spaces contains enough primitive structure to reconstruct it without adding the McGucken Principle as
an extra axiom.

17.1 Derivability order
Define a derivability relation < on physical spaces by
X<Y - X€Derl|Y]|.

Thus X <Y means that X is derivable from Y. In this notation, the Universal Derivability Principle
states

X<M_ forevery X€EPhysSpace.

The derivability relation is reflexive because X € Der ( X ) It is transitive because if X € Der (Y)
and Y € Der|Z, then the derivation of X from Y can be composed with the derivation of Y from Z,
giving X € Der|Z ) Therefore < is a preorder on physical spaces.

17.2 Primitive signature of McGucken Space

The primitive signature of McGucken Space is
Sig|M¢|={E,,x,,t,i,c,®y,=x,~ict,D,=0+icd, ,X,].

Equivalently, McGucken Space contains four irreducible pieces of primitive physical data:
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Primitive datum Meaning

X, Fourth coordinate prior to projection

d X, /dt=ic Universal expansion law

DM — at +ic ax4 Flow operator along the primitive fourth-dimensional expansion
ZM Spherical propagation structure

These are not ordinary decorations added to spacetime or Hilbert space. They are the defining data
from which spacetime, quantum amplitudes, wave propagation, and operator structures are derived.

17.3 Non-derivability from spacetime

Theorem 17.1 (McGucken Space is not derivable from Lorentzian spacetime alone). Lorentzian
spacetime M, 5 does not determine M ; unless the McGucken primitive signature is added as extra
structure.

Proof. Lorentzian spacetime supplies a manifold with metric structure:

M1,3’guv)'

It contains events, intervals, causal cones, and Lorentzian geometry. But it does not uniquely specify a

prior Euclidean four-coordinate carrier E,, a distinguished fourth coordinate X, the constraint
function @,,=x, —ict, the flow operator D,,=0,+ic axa, or the spherical propagation structure

2, as primitive generating data. Many different higher-dimensional or analytic structures can project
to the same Lorentzian spacetime. Therefore the map

M;- M, ,

is many-to-one at the level of primitive structure. A many-to-one projection has no unique inverse
without additional assumptions. Hence M| 3# M ; unless the missing McGucken primitive signature

is appended. ©

17.4 Non-derivability from Hilbert space

Theorem 17.2 (McGucken Space is not derivable from Hilbert space alone). Hilbert space H does
not determine M ; unless the McGucken primitive signature is added as extra structure.

Proof. A Hilbert space is a complete complex inner-product vector space. It determines linear
superposition, inner products, norms, projections, and operator theory. But by itself it does not
determine:

1. aunique underlying spacetime manifold M, 3;
a unique fourth coordinate X,;

the expansion law d x,/dt=ic;

Bl o

the constraint @,, =X, —iCt;
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5. the McGucken flow D,,;

6.  the spherical wavefront structure 2 ;.

Indeed, many inequivalent physical systems are represented on isomorphic Hilbert spaces. The Hilbert
space encodes state geometry, not the unique generative origin of that geometry. Therefore the
derivation

Mg->M,,~V~H

forgets the primitive generative data that selected M . Since forgotten primitive data cannot be
recovered from H alone, Hilbert space cannot derive McGucken Space without adding the McGucken
Principle externally. =

17.5 Non-derivability from phase space, gauge bundles, and operator algebras

Theorem 17.3 (Derived spaces do not generate the source-space). Phase space, gauge-bundle
space, spinor space, Fock space, path space, and operator-algebra space do not determine M ; unless
the McGucken primitive signature is added as extra structure.

Proof. Each listed space is produced only after at least one information-losing construction:

Derived space Information-losing step
Phase space TL" Q Requires prior choice of Q, which requires prior slicing of V] 1.3
Spinor space § Retains a Clifford representation, not the primitive X 4-flow
Gauge bundle P_M 13 Retains'intemal fiber symmetry, not the unique source of

’ X,=Ict
Path space P Retains histories in M 1,3 not the primitive carrier E 4
Fock space 7 ( H ) Built after Hilbert completion and tensoring

Encodes transformations on states, not the generative origin of the
state space

Operator algebra A

In every case, the construction starts from an already-derived spacetime, field, Hilbert space, or
representation. These spaces may remember consequences of McGucken Space, but not the full

primitive signature. Therefore none of them reconstructs M ; uniquely. =

17.6 Foundational maximality theorem

Theorem 17.4 (Foundational maximality of McGucken Space). In the derivability preorder <,
McGucken Space is a maximal foundation for the physical spaces considered in this paper:

VX€PhysSpace,X<M_,
while for every standard derived physical space X # M,

M. %X
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unless the McGucken primitive signature is added to X as extra structure.

Proof. Equation (101) is the Universal Derivability Principle demonstrated by the derivation examples
above. Equation (102) follows from Theorems 17.1, 17.2, and 17.3: spacetime, Hilbert space, phase
space, spinor space, gauge-bundle space, path space, Fock space, and operator-algebra space each

lacks at least one primitive item in Sig (M G). Since a derivation cannot recover primitive structure
erased by projection, completion, quotienting, representation, or algebra formation without adding
new axioms, M ; is not derivable from those spaces alone. Therefore McGucken Space is
foundationally prior to them in the derivability order. o

17.7 Simplicity theorem
The preceding theorem establishes foundational priority. A separate question concerns simplicity.

Define the primitive-law complexity C | X |ofa physical source-space X to be the number of

independent primitive physical laws required to generate its associated physical arenas. In the present
framework,

C|M¢|=1,
because the entire construction begins from the single primitive physical law

dx,
dt

ic.

Theorem 17.5 (Minimal primitive-law complexity). McGucken Space is the simplest possible
physical source-space in the primitive-law sense:

C (M G) =1<C|X|for every nontrivial physical source-space X .

Proof. A nontrivial physical source-space must contain at least one primitive physical law or
generating relation; otherwise it generates no physical structure. Hence C (X ) >1 for every nontrivial

source-space X . McGucken Space is generated by exactly one primitive law, d x,/d t =i c. Therefore

C (M G)Z 1, which is the minimum possible nonzero primitive-law complexity. o

This theorem gives a precise meaning to the statement that McGucken Space is, by definition, the
simplest possible physical space: it has the minimal possible number of primitive physical laws while
still generating the standard spaces of physics.

17.8 Final foundational table

Foundation Can derive standard spaces? Can derive McGucken Space?  Foundational status

Lorentzian spacetime Partially Derived event space
No, lacks X4, DM’ ZM

Phase space Partially No, requires prior ~ Derived classical-state

configuration/spacetime  space

Derived quantum-state
space

Hilbert space Partially N Jacks unique spacetime and X 4

flow
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Foundation Can derive standard spaces? Can derive McGucken Space?  Foundational status

Spinor space Partially No, only representation fiber ~ Derived representation
space

Gauge-bundle space Partially No, requires base spacetime and ~ Derived interaction space

internal symmetry choice

Fock space Partially No, requires prior Hilbert space  Derived many-body state
space

Operator algebra Partially No, requires prior state space  Derived observable space

McGucken Space Yes Primitive ~ Foundational source-space

Thus the paper’s central ordering is:

McGucken Space is not derived from the spaces of physics; the spaces of physics are derived from McGucke

17.9 Physical-reality explanation of the power of McGucken Space

The theorems above give the formal reason McGucken Space is foundational in the derivability order.
There is also a natural physical reason for its unusual mathematical power: McGucken Space is built
from the primitive physical reality identified by the theory, not from a downstream representation.

The linked McGucken Symmetry paper defines the McGucken Symmetry as the assertion that the
fourth coordinate evolves according to d X,/d t =i c, treats it as “a structural commitment of the
geometry of spacetime,” and presents it as the “father symmetry” from which Lorentz, Poincaré,
Noether, gauge, quantum-unitary, CPT, diffeomorphism, supersymmetry, and duality symmetries
descend ([1]). The linked McGucken Sphere paper defines the McGucken Sphere as the future null-
conical/spherical wavefront structure generated from events and describes it as “spacetime’s
foundational atom,” with spacetime composed of these McGucken Spheres ([2]).

This yields the following explanatory principle.

Principle 17.9 (physical-source explanation of mathematical power). A mathematical space has
maximal foundational power when it is not a representation alone of physical states, events, fields, or
observables, but directly encodes the primitive physical symmetry and primitive physical atom from
which those states, events, fields, and observables are generated.

McGucken Space satisfies this principle because it contains both:

Mathematical encoding in McGucken
Foundational physical reality Space Consequence

McGucken Symmetry dx / dt=ic.®..=x,—ict Lorentzian structure, symmetry descent,
4 M 4 invariant speed
Light cones, wavefronts, path integrals,
field propagation
Fourth-dimensional flow D.=0.+ico Operator hierarchy, quantum generators,
M t Xy Wick structure

McGucken Sphere pX M hull-spherical propagation

Primitive source-space — ( ) Derivation of spacetime, Hilbert space,
MG - E4 ’ (DM ’ DM ’ ZM gauge bundles, Fock space, operator
algebras

This explains why McGucken Space has more foundational reach than its mathematical peers. Hilbert
space is powerful because it represents quantum states. Phase space is powerful because it represents
classical states. Gauge-bundle space is powerful because it represents local internal symmetry.
Twistor space and amplituhedron-like spaces are powerful because they reorganize scattering and null

Page 34 of 40



The McGucken Space Mg: The Source Space

geometry. But in the McGucken framework, these spaces are downstream formal arenas. McGucken
Space is upstream because it encodes the physical source itself: the fundamental symmetry

d x,/dt=ic and the fundamental atom of spacetime, the McGucken Sphere.
Thus the formal asymmetry

PhysSpaceC Der(M,|

has a physical explanation: derivability follows the direction from physical source to mathematical
representation, not the reverse.

18. Complete Space Hierarchy

The hierarchy is:
Mi;-M,,~(E-M, ,|>T|E|-~H-F[H| - A.
In words:
Stage Construction Result
1 Begin with McGucken Space
M =E,,®,,D,,%,,
2 Impose (03] M— 0 Lorentzian spacetime M 13
3 Attach fields/bundles
E-M,;;S- M,
P-M,,
Take sections Classical fields, spinors, gauge fields
5 Add complex amplitudes and Born inner Hilbert space [{
product
6 Add tensor products / occupation-number Fock space ( H)
construction
7 Add observables and generators Operator algebra A

This is the precise sense in which ordinary spaces are “inside” McGucken Space: not always as
subsets, but as descendants in a structured generative hierarchy.

19. Relation Table: Literal or Derived?

Object Is it literally a subset of MG? Correct relation
E Yes, as carrier component  Coordinate carrier
4
-1(n) Yes  Constraint surface
Cy=o,, 0
M M /
M 1.3 Not exactly; identified with projection of C M Derived spacetime
Light cone Derived null structure
No, subset of M1,3
Spatial slice Derived hypersurface
No, subset of M1’3
Worldline Derived path

No, curve in Ml 3

No  Space of configurations over derived

Configuration space Q . .
spacetime/slice

Phase space T‘; Q No  Cotangent construction

Page 35 of 40



The McGucken Space Mg: The Source Space

Object Is it literally a subset of MG? Correct relation

Hilbert space [{ No  Completion of complex amplitude
space over derived spacetime

Spinor space No Representation fiber over M 13

Gauge bundle No  Fiber bundle over M 1.3

Fock space No  Many-body quantum construction from
H

Operator algebra No  Algebra of transformations and

observables on [{

20. Central Theorem: Space-Operator Generation Chain
Theorem 20.1 (McGucken space-operator generation chain). Given McGucken Space
MG:(EA)(I)M)DM)ZM))

the following space-operator chain is formally induced:

®,,=0 fields/bundles complex amplitudes + Born inner product tensor/Fock construction

My xDy — M,,xg - T[E-M, ,)xV - Hx{H,p,M) - F(F

Proof. The constraint @,, =0 gives X, =1 Ct, which induces the Lorentzian interval and hence M 5
with metric signature g. The same primitive law gives the tangent source operator D= 0. tic ax4~
Fields, spinors, and gauge objects are sections of bundles over M ;. Connections arise when the
source derivative is covariantized. Complex amplitudes arise from the i in the McGucken Principle.
Spherical wavefront superposition supplies linearity. The Born rule supplies a positive quadratic norm
and inner product. Completion gives H. Quantization of D, gives M=ihD > With Hamiltonian

and momentum sectors. Tensor products and occupation-number constructions give Fock space.
Quantized and covariantized descendants generate the operator algebra A. o

Corollary 20.2 (space-operator unity). In the McGucken hierarchy, physical spaces and physical
operators are not independent primitive categories. They are co-descendants of the single source
relation d x,/d t=ic.

Proof. Theorem 20.1 derives the spaces and their resident operators in the same chain from M ; and
D,,, which themselves are co-generated from d X,/ d t =i c. Therefore spaces and operators are

unified as co-descendant structures. o

21. Why This Matters

The standard view often begins with several separate arenas:

. spacetime for events;
. phase space for classical states;
. Hilbert space for quantum states;
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spinor spaces for fermions;
gauge bundles for interactions;
Fock space for quantum fields;

operator algebras for observables.

The McGucken framework proposes a unifying generative arena:

M =(E,,@y,Dy, 2.

From this one obtains:

Standard postulate/arena

McGucken source

Lorentzian spacetime
Complex quantum phase

Wave propagation
Hilbert space
Momentum operators
Hamiltonian

Schrodinger equation
Dirac equation
Gauge theory

Path integrals
Fock space

Xy4= ict projection
indx,/dt=ic
McGucken spherical wavefront

Complex superposition + Born inner product + completion
Translation generators on McGucken-derived amplitudes

A~
Time-translation generator within J\/]

Quantum evolution theorem in linked McGucken chain
Clifford square root of induced Lorentzian operator

. A
X 4-phase freedom and covariant D M

Sum over McGucken Sphere chains
Quantized field modes over McGucken-derived Hilbert space

This gives the framework its central philosophical and mathematical claim: McGucken Space is not a
competitor to Hilbert space or spacetime. It is the source from which both become intelligible as
different derived arenas.

22. Open Problems

Several tasks remain for full formal development:

Define McGucken Space globally on curved manifolds.
Specify analytic domains for D,, and M.

Prove self-adjointness or essential self-adjointness of M under physical boundary conditions.

bl S

Derive the Born rule without auxiliary probability assumptions beyond McGucken spherical
symmetry.

Prove the Hilbert-space completion theorem for interacting fields.

Define the precise functor from McGucken Space to Hilbert spaces.

Establish the gauge group selected by X ,-phase freedom.

Derive Fock-space statistics from the McGucken spinor/Clifford structure.

Connect the McGucken operator algebra to standard C [’—algebraic quantum mechanics.

e T A

0. Determine experimental consequences distinguishing McGucken-derived Hilbert space from
standard postulated Hilbert space.
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23. Conclusion
McGucken Space is defined as
M= E4’(DM’DM’2M)
with
®,=x,~ict,D,=0+icd,..
It is the generative arena of the McGucken Principle.

Lorentzian spacetime is obtained as the constraint/projection
~ -1
M 1,3% D, (0) .

Configuration space and phase space are then built over the derived spacetime. Spinor spaces and
gauge bundles are representation and fiber structures over it. Hilbert space is not a literal subset of
McGucken Space; rather, it is the completed complex inner-product state space of wavefunctions or
sections over the McGucken-derived spacetime:

H=L*(M, oo H=T.[E -~ M, ).
The final hierarchy is:

M. - M, , - fields and bundles - H - F(H| - A.

Thus McGucken Space is not another mathematical space beside Hilbert space, phase space, or
spacetime. It is the source-space from which those spaces arise by constraint, projection, bundle
formation, representation, quantization, and completion. The McGucken Principle generates not only
the spaces, but also the operators that reside in them.

The formal conclusion is stronger. In the derivability preorder defined above,

X <M for every physically meaningful space X,

while
M %X

for the standard derived spaces X unless the McGucken primitive signature is added back into them.
Thus McGucken Space is the most foundational space in the hierarchy: it generates spacetime, metric
structure, Hilbert space, phase space, spinor space, gauge-bundle space, connection structure, Fock
space, operator algebras, and the operators acting in those arenas, but none of those spaces generates
McGucken Space.

Page 38 of 40



The McGucken Space Mg: The Source Space

It is also the simplest possible physical source-space in the primitive-law sense. Since every nontrivial
physical source-space requires at least one primitive generating law, and since McGucken Space is
generated by the single law

dx, .
=ic,
dt
its primitive-law complexity is minimal:
C|M¢|=1.

Therefore McGucken Space is both foundationally maximal and primitively minimal: maximal in
derivational power, minimal in primitive assumptions. The final formal conclusion is the space-
operator co-generation law:

d
% =ic= (M D M) = the spaces and operators of fundamental physics.
Bibliography

[1] McGucken, Elliot. “The McGucken Symmetry d x,/d t =i c: The Father Symmetry of Physics.”
elliotmcguckenphysics.com, 28 Apr. 2026. Accessed 29 Apr. 2026. URL:
https://elliotmcguckenphysics.com/2026/04/28/the-mcgucken-symmetry-
%10%9d%90%9d%10%9d%90%b1%f0%9d%9%92-
%10%9d%90%9d%10%9d%90%ad%10%9d%90%a2%1f0%9d%90%9c-the-father-symmetry-of-
physics-completing-kleins-187/ [2] McGucken, Elliot. “The McGucken Sphere as Spacetime’s
Foundational Atom.” elliotmcguckenphysics.com, 27 Apr. 2026. Accessed 29 Apr. 2026. URL:
https://elliotmcguckenphysics.com/2026/04/27/the-mcgucken-sphere-as-spacetimes-foundational-
atom-deriving-arkani-hameds-amplituhedron-and-penroses-twistors-as-theorems-of-the-mcgucken-
principle-dx4-dtic/ [3] “Hilbert Space.” Wikipedia, The Free Encyclopedia. Accessed 29 Apr. 2026.
URL: https://en.wikipedia.org/wiki/Hilbert_space [4] Quandela. “Hilbert Space.” Quantum
Computing Glossary. Accessed 29 Apr. 2026. URL: https://www.quandela.com/resources/quantum-
computing-glossary/hilbert-space/ [S] McGucken, Elliot. “Quantum Mechanics Derived from the
McGucken Principle.” elliotmcguckenphysics.com, 26 Apr. 2026. Accessed 29 Apr. 2026. URL:
https://elliotmcguckenphysics.com/2026/04/26/quantum-mechanics-derived-from-the-mcgucken-
principle-a-unique-simple-and-complete-derivation-of-quantum-mechanics-as-a-chain-of-theorems-
of-the-mcgucken-principle-of-a-fourth-expanding-dimension-d/ [6] Carnegie Mellon University
quantum information notes. Accessed 29 Apr. 2026. URL:
https://quantum.phys.cmu.edu/QCQI/qitd114.pdf [7] TU Delft. “Vector Spaces in Quantum
Mechanics.” Math for Quantum. Accessed 29 Apr. 2026. URL:
https://mathforquantum.quantumtinkerer.tudelft.nl/4 vector spaces QM/ [8] “Phase Space.”
Wikipedia, The Free Encyclopedia. Accessed 29 Apr. 2026. URL:
https://en.wikipedia.org/wiki/Phase space [9] nLab. “Fiber Bundles in Physics.” Accessed 29

Apr. 2026. URL: https://ncatlab.org/nlab/show/fiber+bundles+in+physics [10] Sardanashvily, G.

Page 39 of 40



The McGucken Space Mg: The Source Space

“Gauge Theories and Fiber Bundles.” arXiv. Accessed 29 Apr. 2026. URL:
https://arxiv.org/abs/1607.03089

Page 40 of 40



	Abstract
	Keywords
	Table of Contents
	Comparative Summary: Why McGucken Space Is Simplest, Most Complete, and Unique
	Space-Operator Co-Generation Theorem
	Unprecedented Structural Position
	1. Introduction
	2. Status Convention
	3. Definition of McGucken Space
	3.1 Coordinate carrier
	3.2 Constraint
	3.3 Flow operator
	3.4 Spherical propagation structure
	3.5 Full definition

	4. Lorentzian Spacetime as a Projection of McGucken Space
	5. Taxonomy of Spaces
	6. Subset, Projection, Bundle, and Representation Relations
	7. Comparison of McGucken Space with Hilbert Space
	8. Comparison of McGucken Space with Phase Space
	9. Comparison with Gauge-Bundle and Spinor Spaces
	10. Operator Comparison Table
	11. Deriving Quantum Space from McGucken Space
	12. Formal Chain from McGucken Principle to Hilbert Space
	12.1 Complex amplitudes
	12.2 Linear superposition
	12.3 Inner product
	12.4 Completion

	13. Deriving Operators on Hilbert Space
	13.1 Momentum
	13.2 Hamiltonian
	13.3 McGucken quantum operator
	13.4 Canonical commutator

	14. Quantum Derivation Table from the Linked McGucken Article
	15. McGucken Universal Derivability Principle
	16. Worked Examples of Space Derivation
	16.1 Lorentzian spacetime
	16.2 Light-cone and null propagation space
	16.3 Configuration space
	16.4 Phase space
	16.5 Hilbert space
	16.6 Spinor space
	16.7 Gauge-bundle space
	16.8 Path and history space
	16.9 Fock space
	16.10 Operator-algebra space
	16.11 Summary of examples

	17. Foundational Priority and Minimality of McGucken Space
	17.1 Derivability order
	17.2 Primitive signature of McGucken Space
	17.3 Non-derivability from spacetime
	17.4 Non-derivability from Hilbert space
	17.5 Non-derivability from phase space, gauge bundles, and operator algebras
	17.6 Foundational maximality theorem
	17.7 Simplicity theorem
	17.8 Final foundational table
	17.9 Physical-reality explanation of the power of McGucken Space

	18. Complete Space Hierarchy
	19. Relation Table: Literal or Derived?
	20. Central Theorem: Space-Operator Generation Chain
	21. Why This Matters
	22. Open Problems
	23. Conclusion
	Bibliography

